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CPT symmetry

CPT symmetry plays a key role in modern quantum field theory (QFT). It guarantees for

particles and antiparticles equality of masses, decay widths, equality in absolute value
and opposite sign of all types of charges.

CPT:
=  is anti-unitary operator,
= preserves the Dirac equation y(i0,- g4,(x)) w(x) = my(x),
= particle — antiparticle, charge ¢ — -g, potential 4, — -4, ,
“ energy Po— Pos
® momentum p, — p, (i.e. p —Pp),
®  spin projection sy — -Ss, 1-y° 147
=  chirality L-R, R —»L, where VYL = > Y, YR = > 4

(L - left-chiral, R - right-chiral. Chirality and helicity should not be confused!)



.
General properties of C, P, T

conjugations (inversions)

Operators C, P, T
= preserve the Dirac equation y(i0,- g4,) w = my,
m  preserve energy £=p,— p, .
C: unitary operator, which transforms
= particle — antiparticle, charge ¢ — -g; potential 4, — - 4,
= momentum  p —p,
®  spin projection s; — 3,
m  preserves chirality L—-L, R —R
P: wunitary operator, which transforms
m  particle — particle; charge ¢ — ¢, potential 4) — A4,, 4 — - A,
= momentum pP—-p,
®  spin projection s; — S,
m  changes chirality L—-R, R —L
T: anti-unitary operator, which transforms
m  particle — particle; charge ¢ — ¢; potential 4, — 4), A — - A,
= momentum p — -p,
®  spin projection s; — -3,
m  preserves chirality L—-L, R —R



Erroneous formulas of CPT conjugation

Standard formulas of CPT conjugation are [1], [2], [5]

CPT w(t,x) =1y’ y(-t,-x), (1)
or [2], [3], [4], [6], [7]

CPT w(t,x) =n > yHimar(-1,-x), (2)
or [7], [8]

CPT w(t.x) =ny v (-t,-x) = ny w(-t,-x), (3)

where (.)maf is matrix transposition, and ()7= ()" = ()" ()"
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Why these formulas are erroneous?

Let according to (1)
CPT y(tx) =ny w(-t,x),
=> CPT=17#9’ R (-t,-x) , where R (-t,-x) y(t,x) = y(-t,-x) .
R (-t,-x) = R (-?) R (-x) acts only on the # and x components, not on the matrices
or creation and annihilation operators - it is very important!

=> CPT y’ =9’ CPT

= CPTy, (tx)=np w (-t-x) =1y w(-1-x) |,
This CPT operator transforms left-chiral spinor to left-chiral antispinor!
The same is for formulas (2) and (3) of the CPT.

According to the Standard Model there should be:
CPT y, = w9, , where y? — field operator of the antiparticle.
=> formulas (1), (2), (3) are erroneous!
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Where is the error in the formulas for
C,P,T?

1. Space inversion operator is unitary and changes chirality L—»R, R —L:

P=np 7" R (%) (4)
2. Time inversion operator is anti-unitary and preserves chirality L— L, R — R
T=n 7' PR () (5)

3. There are four charge conjugation operators (we use Dirac or Weil representation of gamma
matrices): non-QFT operators C,, , and C QFT operators Cg,,, and Cqpp.

Pauli>
Cymx = 7c v*(.)" —Majorana-Kramers;  changes chirality, anti-unitary => error.
Cpauic Cypx and «hole» —antiparticle — changes chirality, anti-unitary => error.

Coenw™ N 72(.)F Tmatr — Schwinger charge conjugation is QFT analog of Cp,;;
changes chirality, anti-unitary => error;

Corr: by(p) = nc dy(p), d;"(p) — 11c b"(p) ; preserves chirality, unitary
=> Cqpr 18 the operator C of the CPT theorem!
The origin of the error: Cqpr i = Cgy,, v for non-chiral spinors

=> erroneous conclusion that “Cqpy = Cgp,y, - However, Copr Wy # Cyeny V-



A well-known implementation of Cqpy

J. Bjorken, S. Drell [6] :

1 m _ —ip, x* _ ip, x*
Copr (x) = 2" jd?’l?\/;(Cbs(p)C ug(pe P +Cd (p)C v (p)e™ )
C = eiAlgoe—iAzgo _ e_iA2¢€iA1¢;(0 _ %

=45 = [@p (B (P)b,(p)+ ) (D) (p) )
Ay =43 = [d®p (B! (D), (p)+d; (P)D,(P) )
Corr = jd “p 6 (P)by(p) +dy (p)d,(p) »‘]_[d “p (b (p)d,(p)+d (p)b,(p).e]

Corrby(p)=Cby(p)C™' =d (p);  Coprbl (p)=d{ (p);
Corrds (p)=Cd} (p)C™" =b}(p);  Cpprd,(p)=by(p);




Errors in the formulas for P and T

0 Isoperator CopyPT = Copr #1p 111 R (-,-x) i y?° ()" ? It is anty-unitary,
changes chirality L—R, R —L => 1s all correct? — No. Why?

O Previous authors (J. Bjorken, S. Drell; M. Peskin, D. Schroeder; S.
Weinberg and so on) have suggested that the transformation of the spinor
field operator can be described by

m either matrix operators S(p),
= or transformations of operators b (p), d,” (p),
and that these methods are equivalent.

O Let us prove that this assumption is wrong.



Proper Lorentz transformations

To obtainy (p') fromy , (p), it 1s necessary to apply active Lorentz transformation.

D=y (@) 1o dl v e @
)= sy (b (P () e (v 0 ) )
=>

by(p) > by () uy(p) > u,(p); e e g, e 2
df(p)=>d; (P vi(p) v (p) P e g, et = p .

After the Lorentz transformation p , x* — p', x'.However, we observe
the field operator (9) at the same point x'= x and not in the point x'= Ax.
Thatis why p', x' = p', x* , and the field operator y(x) transforms

into /' (x), and not into ' (Ax).



Error in the formula for P

w(x) symmetrically contains terms with p and —p, s and —s . Therefore, it is
necessary to investigate transformations of y (p) , and not y(x).

vw= s d3p\/%(bs<p)us<p)e"”ﬂx"+d:<p>vs<p)e""”x”):f Cp Y, ®

p _ 77P m —l'pﬂ)NC” + l'pﬂ)NCﬂ _
Vs (p) = (27[) 3 E(p) (b<S> (p) U g (_p)e — d<s> (p) Vs> (_p)e ) =
Tlp m

- (272,) 3/2 E(?) (b<S> (p) U g (5)8_”3#)6# o d:s> (p) Vess> (ﬁ)eiﬁﬂXﬂ j FNp Yy (—p), (9)

where p° =p%; p¥ =—p*, k=1,2,3.
=> Py (p)is invalid field operator with b, (p) and —d (p) instead of b, (—p)and —d (- p)
=> P must transform b, (p) to b, (—p)and d, (p)to —d, (-p)!



Space inversion operator P

Thus, the action of the spatial inversion operator on the spinor field operator leads to

m ~ ~ —ip,x* ~ ~ iD,x"
V/'s(p)=(277;’3/2 2 (b<s>(p)u<s>(p)e Pt 4 dl (D) vegs (P)e ™ )

v'(0)=np [ Zws(p) ne | d*p Zl//s(p)—

(27[)3/2_" \/7 b(l?)u (pe Pt +d (p)v, (p)epﬂ ) 17p ().

=> Py (p)= npy(-p),
Pyx) = npy(x),
Py,(x) = npyr(x),
P =7py " R(A),
where 7, = +1 and R(A)b,(p)=b,(=p), R(A)d{ (p)=-d; (-p).



Formulas for proper Lorentz transformations
and space-time inversions are similar

0 L=n SRA); S=n.sexp(Y’y(p)o(p))
R(A) b(p) =npwb(A7'p); R(A) d'(p) =nppd” (A7 D); m =N u1Ls™ =151
O P=npSRA); S=nps 7’
R(A)b(p) :ﬂPbbs(A-]p):r]Pbbs( p); R(A) d”(p) =-nppd " (-D); Mp=1pp ps =% 1.
Py (p) =npy(-p)
Py(x) =npyp(x); P*=1
0 T=n;S()RA); S=nrsy'y’
R(A) by(p) = b (-p); R(A) d* (p) = nrgd" s (-p); N7 N1 N1s
Ty,(p) =n7(-s) y(-p); T*=-1



CPT transformation

Corr ¥ = w* — antiparticle field operator.
0 CPT =ncpr R(-t,-x) Copr 7 iy? ()

0 CPTy(p) =ncpr(-5)y* (D)
0 CPTyy (p) = nepr (W (D)



Conclusions

0 “Standard” formulas for the CPT transformation are invalid: they
transform a left-chiral spinor into a left-chiral antispinor.

0 Correct operator C of the charge conjugation is Cgpy such as
CQFT b(p) =d, (p); CQFT d,(p) =b;(p).

O Lorentz transformations acts both on the spinor columns u,, v, via the
matrix operator S, and on the creation and annihilation operators b(p) and
d,*(p) via the transformation of their argument p,— p’, and possible phase

factor.

O Base on this we derived the correct formulas for P, T and CPT operators
which correspond to the Standard model.



