
C, P, T conjugation formulas for 

spinor field operators

Vadim Monakhov

Associate Professor, v.v.monahov@spbu.ru

Saint-Petersburg State University

LXXV International conference Nucleus-2025. 

Saint Petersburg, Russia. 1-6 July, 2025.



CPT symmetry

CPT symmetry plays a key role in modern quantum field theory (QFT). It guarantees for 

particles and antiparticles equality of masses, decay widths, equality in absolute value 

and opposite sign of all types of charges. 

CPT: 

 is anti-unitary operator,

 preserves the Dirac equation γμ(i∂μ- qAμ(x)) ψ(x) = mψ(x),

 particle → antiparticle, charge q → -q, potential Aμ → - Aμ ,

 energy             p0 → p0, 

 momentum      pk → pk (i.e. p →p), 

 spin projection s3 → -s3,

 chirality L→R, R →L, where

(L - left-chiral, R - right-chiral. Chirality and helicity should not be confused!)
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General properties of C, P, T 

conjugations (inversions)
Operators C, P, T

 preserve the Dirac equation γμ(i∂μ- qAμ) ψ = mψ,

 preserve energy E= p0 → p0 .

C:   unitary operator, which transforms

 particle  → antiparticle, charge  q → -q; potential Aμ → - Aμ,

 momentum       p → p, 

 spin projection  s3 → s3,

 preserves chirality L→L, R →R

P:   unitary operator, which transforms

 particle → particle; charge q  → q; potential A0 → A0, A → - A,

 momentum       p → -p, 

 spin projection s3 → s3,

 changes chirality L→R, R →L 

T:   anti-unitary operator, which transforms

 particle → particle; charge q → q; potential A0 → A0, A → - A,

 momentum      p → -p, 

 spin projection s3 → -s3,

 preserves chirality L→L, R →R



Erroneous formulas of  CPT conjugation

Standard formulas of CPT conjugation are [1], [2], [5] 

CPT ψ(t,x) = η γ5 ψ(-t,-x),                                            (1)

or [2], [3], [4], [6], [7]

CPT ψ(t,x) = η γ5 ψ+Tmatr(-t,-x),                                     (2)

or [7], [8]

CPT ψ(t,x) = η γ5 ψ*(-t,-x) = η γ5 ψ+T(-t,-x),                 (3)

where (.)Tmatr is matrix transposition, and (.)T = (.)+* = (.)+ (.)* 
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Why these formulas are erroneous?

Let according to (1)

CPT ψ(t,x) = η γ5 ψ(-t,-x) ,

=>     CPT= η γ5 R (-t,-x) , where R (-t,-x) ψ(t,x) = ψ(-t,-x) .

R (-t,-x) = R (-t) R (-x) acts only on the t and x components, not on the matrices 
or creation and annihilation operators  - it is very important!

=> CPT γ5 = γ5 CPT 

=>  CPT ψL(t,x) = η γ5 ψL(-t,-x) = (η γ5 ψ (-t,-x)) L
This CPT operator transforms left-chiral spinor to left-chiral antispinor!

The same is for formulas (2) and (3) of the CPT.

According to the Standard Model there should be:

CPT ψL = ψaR , where ψa – field operator of the antiparticle.

=> formulas (1), (2), (3) are erroneous!



Where is the error in the formulas for 

C, P, T?

1. Space inversion operator is unitary and changes chirality L→R, R →L:

P = ηP γ0 R (-x) (4)

2. Time inversion operator is anti-unitary and  preserves chirality L→ L, R → R

T = ηT γ1 γ3 R (-t) (.)* (5)

3. There are four сharge conjugation operators (we use Dirac or Weil representation of gamma 

matrices): non-QFT operators CM-K and CPauli; QFT operators CSchw and CQFT.

 CM-K = ηC γ2(.)* –Majorana-Kramers; changes chirality, anti-unitary => error.

 CPauli:  CM-K and «hole» →antiparticle – changes chirality, anti-unitary => error.

 CSchw= ηC γ2(.)+ Tmatr – Schwinger сharge conjugation is QFT analog of CPauli;

changes chirality, anti-unitary => error;

 CQFT: bs(p) → ηC ds(p), ds
+(p) → ηC bs

+(p) ; preserves chirality, unitary

=> CQFT is the operator C of the CPT theorem!

The origin of the error: CQFT ψ = CSchw ψ for non-chiral spinors 

=> erroneous conclusion that “CQFT ≡ CSchw”. However, CQFT ψL ≠ CSchw ψL.



A well-known implementation of CQFT

J. Bjorken, S. Drell [6] :
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Errors in the formulas for P and T

 Is operator CQFTPT = CQFT ηP ηT R (-t,-x) i γ2γ5 (.)*  ? It is anty-unitary,

changes chirality L→R, R →L => is all correct? – No. Why?

 Previous authors (J. Bjorken, S. Drell; M. Peskin, D. Schroeder; S. 

Weinberg and so on) have suggested that the transformation of the spinor 

field operator can be described by

 either matrix operators S(p),

 or transformations of operators bs(p), ds
+ (p),

and that these methods are equivalent.

 Let us prove that this assumption is wrong.



Proper Lorentz transformations
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Error in the formula for P

ψ(x) symmetrically contains terms with p and –p, s and –s . Therefore, it is 

necessary to investigate transformations of ψs(p) , and not ψ(x).
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Space inversion operator P

Thus, the action of the spatial inversion operator on the spinor field operator leads to 
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Formulas for proper Lorentz transformations 

and space-time inversions are similar

 L =ηL S R(Λ) ;              S = ηLSexp(γ0γ(p)ω(p))  

R(Λ) bs(p) =ηLbbs(Λ
-1p); R(Λ) d+

s(p) =ηLbd
+

s(Λ
-1p); ηL=ηLbηLS=ηLb=ηLS=1

 P =ηP S R(Λ);               S=ηPS γ0

R(Λ)bs(p) =ηPbbs(Λ
-1p)=ηPbbs(-p); R(Λ) d+

s(p) =-ηPbd
+

s(-p); ηP=ηPb ηPS =±1.

Pψs(p)  = ηP ψs(-p)

Pψ(x)  = ηP ψ(x);                                  P2=1

 T =ηT S (.)*R(Λ);          S= ηTSγ
1γ3

R(Λ) bs(p) = ηTbb-s(-p); R(Λ) d+
s(p) = ηTdd

+
s (-p);     ηT=ηTb ηTS

Tψs(p)  = ηT (-s) ψ-s(-p);                     T2= -1



CPT transformation

CQFT ψ ≡ ψa – antiparticle field operator.

 CPT =ηCPT R(-t,-x) CQFT γ
5 i γ2 (.)*

 CPTψs(p)  = ηCPT (-s)ψa
-s(p)

 CPTψsL(p)  = ηCPT (-s)ψa
-sR(p)



Conclusions

 “Standard” formulas for the CPT transformation are invalid: they 

transform a left-chiral spinor into a left-chiral antispinor.

 Correct operator C of the charge conjugation is CQFT such as   

CQFT bs(p) =ds (p);        CQFT ds (p) =bs (p).

 Lorentz transformations acts both on the spinor columns us, vs via the 

matrix operator S, and on the creation and annihilation operators bs(p) and 

ds
+(p) via the transformation of their argument pµ→ p’µ and possible phase 

factor.

 Base on this we derived the correct formulas for P, T and CPT operators 

which correspond to the Standard model.


