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BaxxHeunwee nposiBrneHne KOHhauMeHTa KBapKOB U IMMHOOHOB:

cyuiecrBoBaHue 6oraTtoro CneKTpa agpoHOB

)

N3yyeHne CBOUCTB CNeKTpa = MU3y4YeHue cusn KoHdpanmmeHTta



JluHeNHbIe TpaeKTopuN: pedxeBCKue n pagmarnbHble

2

m
A
m*(J)=m’+a'l —  Tpaektopuu Pemxe (NMMHENHbIE)

m*(n) = u’ +an —  PapgwnanbHble Tpaektopumn Pegxe



W, GaV*

W, GeV®

W, GeV*

Jlerkue HecTpaHHbIe Me30HbI B Particle Data

CRYSTAL BARREL (1.9-2.4 I'aB)

A.V. Anisovich, V.V. Anisovich and A.V. Sarantsev, PRD (2000)
V.V. Anisovich, Phys. Usp. 47 (2004) 45
D.V. Bugg, Phys. Rept. (2004)
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YOBoeHune psaaa TpaeKkTopun:

L=0 (S-wave): J= TT Yo+l =1

L=2 (D-wave): J = [
L Q

l Sl 1 =10 2 &% &+ & "N o 1 2 3 4 &
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JlnHerHbIe TpaeKkTopuu: U =a(n + EJJ
MpnbnmantTensHo
YHMBEpPCarnbHbIW NHTepcenT 3aBucuT

HaKJ10OH OT KBAHTOBbIX YAXCETl



Ha ckonbko JKCnepnmMmeHTtTalibHble AaHHbIe COOTBETCTBYIOT npeacCKa3aHUAM aTom

KapTUHbI, TMMU4YHO AaBaeMoM AyalibHbIMM aMnnuTyaamu Tuna BeHeunaHo nu mogensamu
aApPOHHbLIX CTPYH?

CnekTtp amnnutyabl Aoemonno-BeHeunaHo-BanHbepra n akcnepmmMmeHTtanbHble AaHHbIe
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! BbikonoTtble ToOYkU — npeackasaHnA
3aKpaLLIeHHb|e TOYKMN — SKCNnepmnMmeHTaribHble JaHHble
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S. S. Afonin, Ezperimental indication on chiral symmetry restoration in meson spectrum,
Phys. Lett. B 639 (2006), 258-262, [hep-ph/0603166]



D.V. Bugg, Phys. Rept. (2004) Four sorts of meson

D.V. Bugg,
Queen Mary, University of London. London E14NS. UK

abstract An extensive spectrum of light non-strange qq states up to a mass
of 2400 MeV has emerged from Crystal Barrel and PS172 data on pp —
Resonance — A+ B in 17 final states. These data are reviewed with detailed
comments on the status of each resonance. For [ = 0, C' = +1, the spectrum
is complete and very secure,

All observed resonances cluster into fairly narrow mass ranges (1) 1590-1700
MeV, (i) 1930-2100 MeV, (1i1) 2240-2340 MeV. These ‘towers’ of resonances
are illustrated m Fig. 4.
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Fig. 4. Clustering of resonances in mass.



(=, 755

N\
PR | \_: KnacTtepusauyms nerkmx Me3oHoB
i, 4=+ | —
w174~ -l
pafl 4 \ - OcobeHHoCTH:
w0, 4~ =L
P \4_:: < 1. BblpOXXAEHHOCTb MO CMUHY
bs(1t, 30 |- —
hafo™, 5+ = L 2. Cucrtemartmyeckoe
as(17, 31 - —p—
st P nosiBNeHne pe3oHaHCcoB
sl \ I — 6e3 BbIPOXKAEHHbLIX NapTHEPOB
Ty O e MO YETHOCTU => B CMEKTPE HET
wxl(07,377) .I -, 4—
(0, 2 . - * acuUMnNTOTUYECKOro BOCCTAHOB-
ma(17, 20 N\ . T — .
aa(1-, 2+ \T - =-4- — NeHna KnpanbHOM CUMMETPUN
faft, 2H+)r . ! - i YT T/ NTT /¢
(1%, 143 . : = : —: —i- LS(.-"‘ (.2)[4 X f)( (Z)R
e S S Bl O
Ll i I L 1| -
0t — o L 3. OKBNOUCTAHTHOCTb
o ] \ A o KnacTepoB
.a[.1+.1“].- ] I = :- e
S o
Gl S . . == = 4. CooTHOLLEHNEe
soutae! B —_ B e T
T S - T M~(J.n)~J+n
- _J J
e Y~
Particle Data + Crystal Barrel HE ONUCBLIBAET CMNEKTP

S. S. Afonin, Light meson spectrum and classical symmeltries of ()CD, Eur. Phys. J. A 29
(2006), 327-335, [hep-ph/0606310]



OKBUONCTAHTHOCTb KInacteposB

s M2 GeV?

T
4

]\Y

o
-2
N -~
) =4

12
M?

exp

(V)= 114N +054), N=0,1,23,4

Prediction Interval

O 4

= , — Regression
Line

— 95%
Confidence
Interval

— 95%
Prediction
Interval




PHYSICAL REVIEW D 77, 034002 (2008)

Highly excited mesons, linear Regge trajectories, and the pattern
of the chiral symmetry realization

M. Shifman and A. Vainshtein
William I. Fine Theoretical Physics Institute, University of Minnesota, Minneapolis, Minnesota 55455, USA
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10 Conclusions

This article grew as a continuation of the ongoing heated debate in the literature
regarding asymptotic symmetries of the meson spectrum in QCD [2,5-8,25, 33,37,
46,47], and numerous discussions of this issue at various conferences. At an early
stage we believed that ySR could be natural in QCD. Further more careful studies
made us change our minds.



E. Klempt and A. Zaitsev, Phys. Rept. 454 (2007) 1
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Meson M(0) M(1) M(2) M(3) M(4)
= 135 1300 £ 100 1812+ 14 2070 £35 2360+ 25
n 1204 + 4 1760 £ 11 2010°3 2285+ 20
w 78265 +0.12 1400 = 1450 1670+30 1960+ 25 gg‘g if’}g
‘ (4
p 55404 M50+11  1720+20 :1,09?31730 ;;ég i i‘]’
fo 1200 = 1500 1770412 2020438 2337+ 14
ag 1474+ 10 7V 2025 + 30 ?
a 1230 +40  1647+22  1930*% 2270
fi 12818 + 0.6 ? 1971+ 15 2310 +60
hy 1170420  1595+20 1965 +45 2215+40
by 12205+32 1620+15  1960+35 2240+ 35
924
¥ 12754+ 1.1 1638+6 ;gg‘l’ﬁg }Eggi :g
= 5 <" -
az 123183+ 06 1732+ 16 ;gg i ;g ;“;,1,;"; i ;g
T 16724432 2005+ 15 2245 +60
e 1617+5 2030 + 16 2267+ 14
D 2 144 |4
ws 1667 + 4 1945 + 20 :2;; i g
: +50
o5 16888 +2.1 1082+ 14 ;gggfm
wa ? 1975420 2195 +30
7 ? 1040 + 40 2225 +35
s 2048 +8  2303+15
as 2031 +12 2275+35
hs 2025 +20 2275+25
bs 2032+ 12 2245+ 50
as 200573  2255+40
fa 2018+6 2283+ 17
We 2250 + 30
P4 2230 + 25
T 2250 + 15
o 2328 + 38
ws 2250 + 70
o 2300 + 45
™M = 780 1325+00  1700+60  20004+40 2270+ 40

NHTepnpeTtaumna?

Table 2: The masses (in MeV) of light non-strange mesons used in the analysis of Ref. [20] (the data were
taken from the Particle Data, the issue of year 2006, and compilation [18]). The resulting averaged masses
for each cluster H(N}. N = 0.1.2,3,4, are indicated in the bottom line (from Ref. [11]). The question mark
stands for the predicted states in the corresponding mass range.



Knaccudmkaumsa nerkux HectpaHHbIX ME3OHOB NO KBaHTOBbLIM Yucnam (L,n)
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Knaccmwaau,vm, cornacHo coBpeéMeéHHbIM AdHHbIM
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Citation: S. Navas et al. (Particle Data Group), Phys. Rev. D 110, 030001 (2024)

ap(1710) I6UPC) = 17+ )
OMITTED FROM SUMMARY TABLE rodon?
Evidence for this state is also inferred from interference of the

KT K™ and K¢ K% decays of the fy(1710) in D} — f5(1710)x ™,
leading to a relative branching rafio an order of magnitude larger
than expected from isospin symmetry (ABLIKIM 22F). See also the
review on " Spectroscopy of Light Meson Resonances.”

ap(1710) MASS

VALUE (MeV) DOCUMENT ID TECN COMMENT

1713419 OUR AVERAGE Error includes scale factor of 3.8. See the ideogram below.

1736410+ 12 1 AAL 23AHLHCB BT — KT (K K) I

1817+ 8420 2 ABLIKIM 22AHBES3 DT — KK+ 70 I

1704+ 5+ 2 LEES 21A BABR 1_(1S) —» 7T p I
1 From Dalitz plot analyses of 7.(1S,2S) — K% Ktr™ + cc. I

2 Observed to decay into K% KT in a Breit-Wigner amplitude analysis involving DT decays
- - - s
into K*(892)0 KT, K*(892) T K, K*(1410)° KT, 2(980) T 70, and a((1817)+ #0.



Knaccudumkaumsa nérknx HectpaHHbIX ME30HOB MO KBAaHTOBbLIM

yucnam (L,n)

N 0 i 2 3 4
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. ;;:I{iijgi S. S. Afonin, Towards understanding spectral degeneracies in nonstrange hadrons. Part I.
s (2300 Mesons as hadron strings versus phenomenology, Mod. Phys. Lett. A 22 (2007), 1359-1372,

w2260

[hep-ph/0701089]




CpeaoHekBagpaTtuyHble 3Ha4YeHunA B (L,n)-6nokax

n - ‘ y
i}\\\ 0 1 2 3 4
0 — 1373 1780 1995 2242
1 1294 1668 1970 2256
2 1673 1980 2260
3 2024 2273
g 2266
o 2
®uT hopmyrnoi M=“(L,n) = AL+ Bn+C
AL+ Bn+C a(L 4+ bn + c) Vv C
M? 1.103L + 1.102n 4+ 0.686 1.103(L + n + 0.622) 0.828
M2, 1.178L + 1.135n + 0.473 1.178(L + 0.963n + 0.402) 0.688
M?2 1.023n + 0.957 1.023(n + 0.935) 0.978




B cpeaHem (B M3B2): M‘?(L.,,n') ~1.1L+1.1n+0.7

2
— padotaetsakon | M (L,n)~ L+n

B HEPETTATUBUCTCKOM aTOME BOAOpOAda.:

1 |
E ~ F, N=L+n+1 - T[NaBHOe KBAHTOBOE YMUCIO
1

B CreKTpe NErknx Me3oHOB MMEETCSA rfaBHoOe KBaHTOBOE 4YUCIIO0

The Shapiro-Wilk

statistical test for normality showed that the data in each cluster (except N = () where there is no

Heﬂ,aBHﬂﬂ nepenpo BepKa- enough data) follows normal distribution with a high probability, exceeding 0.9 with confidence level

95%. Fixing this confidence level. we obtained (in GeV?)

M2(N) = (1.12 + 0.03)N + (0.61 £ 0.08) ~ (1.12 + 0.03)(N + 0.54 & 0.09)

CyLuecTBOBaHNE COCTOSIHUW, HE MMEKLLINX BbIPOXAEHHbBIX NAPTHEPOB MO
YETHOCTWN, CrneayeT u3 onpeaeneHns camon YETHOCTH,

P — (_1) L+1

Me3oHbl Ha rnaBHON TpaekTopun umetoT N=0, NO3TOMY Taknx NAPTHEPOB ObITb
HE MOXET.

Hanpumep: p-me3oH, (L,n)=(0,0), a;-me30H, (L,n)=(1,0), BbipoxaeH ¢ p’, (0,1).

[loTeHUManbHble MOAENN HE MOTYT 0ObACHUTL HanNM4yne HabngaemMoro BbIPOXOEHUA.




ANHAMWYECKAA CUMMETPUA ATOMA BOOOPOOA

1
N2’

N=L+n+1

E(L,n) ~

- dok: MeeT MecTo Bornee cunbHas cuMMeTpus, Yem SO(3).
| 910 SO(4) CMMMETPUA B UMIMYSTbCHOM MNPOCTPAHCTBE.
(V.A. Fock, Z. Phys. 98 (1935) 145)

A3BECTHA ARAIEMHAHN HAYE CCCP. 1935
BULLETIN DE L'ACADEMIE DES SCIENCES DE L'URSS

Classe des sciences OTIeIeEESe MATOMATHYOORRX
mathémsatiques et naturelles X CTOCTBCHHLE HAYE

ATOM BOJIOPOIA M HE-EBERIHITOBA TEOMETPHA*

( Hpedsapumeasnoe cooluenue™™)
B. A. POEA

(IIpedemasaeno_axadexuxox C. H. Basunossim)

B paGore mokazamo, 4ro ypasmesme IIlpeanmrepa xis aroMa BOAOPOA& B OPO-
CTPAHCTBE MMOYILCOB OPHBOANTCS K MHTErpPAIbHEOMY YPABHEHAM IXA IUAPOBRIX ®YHKIAMN
uernipexMepeoro mapa. Takuy o6pasoy, jJonyckaemas ypapaesneM [lIpezmmrepa rpymma
npeo6pasoBannii OKasslBaeTCA TOXIECTBEHBOH ¢ yersipexmepHOf rpynnoR sBpamenmi;
Haxgyue 5Tof rpynnel o0BACESET TAK HA3LIBAEMOE BRIPOXKIEHNE YPOBReH BOX0OpOAa mo
OTHOIIEHAI0 K a3BMyTAXLHOMY KBaHTOBOMY gmcdy. CXeXCTBHA, BRITEKAONMUE U3 CONOCTA-

* Nozomeno 8 oempaza 1935 r. B TeopeTHYECKOM ceMuHADHM PUIMTECKOTO uscturyTa JII'Y 1
23 mapra 19385 r. sa ceccurn Axazemnr Hayr CCCP B Mockse.



SO(4) — knaccudpukaumsa CoOCTOSAHUN
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BapuaHT
“Tabnuubl MeHpeneeBa’)
Anst Neérknx mMe3oHoB
(6e3 cTpaHHOro KBapka)

brnenHbI poH — pe3oHaHCHhil,
TpebyloLine NoaTBEPXKAEHMS

L |S IJ ]| n=0 || n=1 II n=2 || n=3 || n=4
o | o ™ [ w00 T{1800) m2070) m(2360)
0 n n(1295) n(1760) n(2010) n(2320)
| | p M p(1700) p(2000) p(2270)
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11(1285) 1?2 11(1970) 11(2310)
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w2? w2(1975) w2(2195)
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Onsa kaxaporo nerkoro mesoHa n3 Particle Data 3aHOBO BbINOJSIHEH aHANU3 Ha
npeamMeT BKITKOYEHUS B KJlacC NErkux HeCTpaHHbIX KBapK-aHTUKBAPKOBbLIX
COCTOSIHUU U YPOBEHb HAAEXHOCTU dKCNEepUMeHTaNnbHbIX AaHHbIX,
BbINOJSIHEHbI (PUTbI C HOBbLIMM AAHHLIMU ONA PpeaXeBCKOro COOTHOLIEHUSA

M? =al +bn, + ¢

Utor: | M?~114-N+0.5 GeV?

CoepemMeHHbIe OaHHbIe XOpPOoWo coa2s1acyromcs ¢
SO(4)-ebIpoxxOeHueM 8 criekmpe JiE2KuxX Me30H08




KBa3uknaccuuyeckasi UHTepnpeTauus

CnunH J n macca m aBnsATCA ABYMS HeE3aBUCMMbIMU MHBapuaHTamn Kasummpa
rpynnbl [NyaHkape, onpeaenarowmx NoHATUE AfIEMEHTAPHON YacTuLbl Kak
KOHEYHOMEPHbIX npeacTasneHnn atoun rpynnel. CrnegoBaTtenbHO, €CNN eCTb
doyHKLUMOHaNbHas 3aBUCUMOCTb MexXay HAMU, TO UMEeEeT MeCTO HeKas
OnHamu4yeckasd cMMMeTpua (0aQHOBPEMEHHO YKasblBatoLlas Ha COCTaBHYHO
npupoay AaHHbIX YacTul).

PaccmoTpum Krnaccmdeckun o6bLeKT pasmMepa I, Bpallatowmncst ¢ nocTosiHHON
CKOPOCTbO. Ero yrmoBon MOMEHT:

J ~ mr (1)
C Opyron CTOPOHLI, N-MEPHbIN OAHOPOAHbLIN (C MOCTOSIHHOW NITIOTHOCTbLIO) OOBLEKT
NMeEET Maccy:.
i oo :> r ~mi/m (2)

(2) => (1):

1+1/n

J ~m

OkcnepumeHT: N=1



Peaju3anmsi: 6e3maccoBble KBapKu

JIIOOHHASI CTPYHA ¢ e @

v Y

T

((pr6Ka NOTOKa» MKOHHOIO Nosd

HamOy: BpalualoLasca CTpyHa ¢ pensaTMBUCTKMMM Be3mMacCcoBbIMU KBapkamu
Ha KOHLIax NpuBOAUT K COOTHOLLEHUIO (popmyna Hy-dOpayun)

M? =27zolL

O - HaTsbxeHue cTpyHbl, L - yrnosoit moment (J =L, L +1)

Consider a gluonic flux tube as a solid body of

KpaTkui BbIBOA. _ :
known length ¢, rotating at the speed v(r) = 2r/¢.

£/2
/ ! / g/(; Vi T :> M? = 2noL
orv(r)dr nol?

L — 2, —
) Vv 1—v2(r) 8




KBaHTOBaHue bopa-3ommepdenbaa

B.¢p. wactuypbl, - | |
nepuoa. aemxerne: 1 (r,t) = Const - ciEt ,—i ¢ p(r)dr

1
OaHO3HaYHOCTb B.(h.: (j)p(r)dr = 272' N+ E

N - pagnanbHoe KBaHTOBOE YUCHIO, p(r) n I - oTHocuTenbHble yrnoBou
MOMEHT U pacCcTosiHME, B NMPOCTeULLlEM cllydae CcBA3aHHble COOTHOLLEHUEM

M=2p+or
Yuntbieag M = lo, roef ecTb MakcumarnbHas ArnvHa CTPYHbI, B pesyrsrare:

[ns doepmMmnoHoB!

2
2 _
M —XWG n+—2

:> oxugaem M?* ~ 2xo (L + 2n + —) - XOpPOLUO BbINOMHAETCA B cnekTpax!




Cnacunb6o 3a BHUMaHue!



Onsa kaxaporo nerkoro mesoHa n3 Particle Data 3aHOBO BbINOJSIHEH aHANU3 Ha
npeamMeT BKIKOYEHUSA B KJTaCC NErkKMX HeCTPaHHbIX KBapK-aHTUKBapPKOBbIX

COCTOSIHUN N YPOBEHb HaOEXHOCTHU JKCnepumMmeHTalibHbIX OaHHbIX,

BbINMNOJIHEHDbI (bl/lTbI C HOBbIMU OaHHBIMU ONA peaXeBCKOro COoTHoLweHus

M? =al +bn, + ¢

I Weight a b c
| none 1.08 £ 0.03 1.13 4+ 0.03 0.69 £ 0.09
1/(AMZ,)? 1.10 £ 0.03 1.16 £+ 0.03 0.63 £ 0.03
1/(AM?)? 1.113 £ 0.005 1.126 + 0.005 0.62 + 0.01
exp (—AAﬁg"p) JA=T 1.08 £ 0.03 1.134+0.03 0.69 £ 0.09
0 and 1 none 1:13:+0.20 1.15 £ 0.04 0.58 =0.03
1/(AMZ,)? 1.14 +0.03 1.134+0.04 0.51 £ 0.03
1/(AM?)? 1.12+0.11 1.16 £ 0.09 0.52 £ 0.03

M?2

( AMZ,,
exp | —A———

1.13 £0.08

1.15+0.03

0.56 £+ 0.08




Experimental spectrum for light baryons (Particle Data, 2006)
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Table 1: Summary of theoretical predictions for the ag(1710) mass made before its first measurement in 2021 [1]

(in MeV).
Model Relativized Regge Unitarized | Relativized Extended Regge Unitarized
approach || quark model | analysis | amplitudes | quark model | lin. o-model | analysis | amplitudes
[ref.] (vear) || [10] (1985) | [11] (2007) | [12] (2000) | [13] (2009) | [14] (2017) | [15] (2018) | [16] (2018)
Prediction 1780 1700 £ 60 1777 1679 1790 + 35 1774 1770 = 20

[10] S. Godfrey and N. Isgur, Phys. Rev. D 32 (1985) 189.

[11] S. S. Afonin, Phys. Rev. C 76 (2007) 015202.

[12] L. S. Geng and E. Oset, Phys. Rev. D 79 (2009) 0740009.

[13] D. Ebert, R. N. Faustov and V. O. Galkin, Phys. Rev. D 79 (2009) 114029.

[14] D. Parganlija and F. Giacosa, Eur. Phys. J. C 77 (2017) 450.

[15] G. Y. Wang, S. C. Xue, G. N. Li, E. Wang and D. M. Li, Phys. Rev. D 97 (2018) 034030.

[16] M. L. Du, D. Giilmez, F. K. Guo, U. G. Meifiner and Q. Wang, Eur. Phys. J. C 78 (2018) 988.




[10] S. Godfrey and N. Isgur, Phys. Rev. D 32 (1985) 189
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[11] S. S. Afonin, Phys. Rev. C 76 (2007) 015202

Thus, for M (N) we have (in MeV): M(0) =~ 785, M (1) =~
1325+ 90, M (2) = 1700 =60 M (3) ~ 2000 +40, M(4) =~
2270 4+ 40. Looking at Table I, we make the following
predictions for the nonstrange mesons which still have
not been observed.

1. In the energy range 1700 + 60 MeV there exists ay,
f1, p2, we, as well as the second p and w mesons.
Their widths are approximately I' = 200 4+70 MeV.
The state X (1650) with I¢(JFPC) = 0=(?"7) cited
in [1] might be a possible candidate for the pre-
dicted w or we mesons. The state X (1750) with
IG(JPC) =7"(177) cited in [1] might be a possible
candidate for the predicted w or p mesons.

2. In the energy range 2000 +=40 MeV there exists the
second w meson. Its width is approximately I' =
220+ 70 MeV. The state X (1975) with IG(JFC¢) =
?7(?7"") cited in [1] might be a possible candidate
for the predicted w meson.

3. In the energy range 2270 + 40 MeV there ex-
ists @y meson. Its width is approximately I' =
270 + 60 MeV. The states X (2210) and X (2340)
with 1¢(JPC) =77(?"?) cited in [1] might be possi-
ble candidates for the predicted ag meson.

[1] Particle Date Group (W.-M. Yao et al.), J. Phys. G 33,
1 (2006).



Cornell potential

V(r)= O'T—CF% +c

The first term here is the linear confining poten-
tial which dominates at large distances between the
quark and the antiquark. In further analysis, it will
play the main role, since it coincides with the typical
potential of the string with tension . The second
term describes the Coulomb-like interaction between
quarks, which comes into play at short distances
when quarks undergo a gluonic exchange. «aj is the
strong running coupling, and the fact that it is not
a constant should entail some complications. How-
ever, in the further analysis, the Coulomb-like term
will always be negligible compared to the linear one.
The constant C'r depends on the number of colors,
Cr = (N2 —1)/2N,, that yields Cr = 4/3 for N, =
3. The last term in the Cornell potential is a negative
constant ¢. The necessity to add ¢ is dictated by the
nonrelativistic limit of the Bethe—Salpeter equation,
and numerically it depends on the type of interacting
quarks. Like with the Coulomb-like term, this con-
stant will not play a role in the further analysis.



Quantum virial theorem

| dV
Fock (using the Ehrenfest theorem): [2(T) = Z <Xn an>

e

consider the two-particle Hamiltonian
with relativistic kinematics: Hyo=(pi+m)"?+(pi+md)'"*+Ww
for equal masses m, =m, =m and in 5 5. i
the center-of-mass system p, = —p, =p, Hr=2p +m) "+ W
. 2
For a central potential W(r) d _ 4
r—Wn =275 2\1/2
W. Lucha and F.F. Schaberl, Phys. Rev. Lett. 64 (1990) 2733. dr (p"+m")
2 mZ
(pZ + mZ)lIZ

s e 2 2,\1/2
With the decomposition 7z =(p +m’) " -

p
(p*+m’)
the corresponding eigenvalues E are given by

E=(Hg)=2((p" +m")'"") +(W(f)>=<’dirw(’)>+ (W(r))+2< i >

(p2 + m2)]/2

d
In the ultrarelativistic case m=0 Eyg = <f dr W(")> + (W(r))

consider the funnel potential |W(r) = - ia/r+ar

d
its Coulomb part cancels, 7 P W(r) + W(r) = 2ar .

the expectation value of the non-relativistic Hamiltonian with a purely linear potential V= ar has a

formal resemblance to the expectation value of the relativistic Hamiltonian with the funnel potential
The corresponding eigenstates are, of course, different.
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