Valent Quark Effective Model for Hadrons on the Light Front (LF)

Valent Quark Effective Model for Hadrons on the

Light Front (LF)

Evgeni Prokhvatilov (St. Petersburg State University),
Mikhail Malyshev (Petersburg Nuclear Physics Institute
NRC KI)

Nucleus-2025, July 1 - 6, Saint Petersburg

1/22



Valent Quark Effective Model for Hadrons on the Light Front (LF)

The problem considered here is the construction of effective
Hamiltonian on the light front which can describe the hadron
spectrum and structure.
At that we use the quark model with valence quarks.
The LF we describe with the following coordinates:
04,3
xT = ﬂ, xt = (x1,x?), (1)

V2

where x* plays the role of time and the LF is determined by the
condition xT = 0.
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

Quantization on the light front allows to introduce simple
description of physical vacuum as the lowest state of kinematic
momentum operator P_ > 0 (at m? > 0) and construct Fock space
on the LF.

The other advantage of the quantization on the LF is the possibility
to transform the state of particle in the rest frame to it's state with
arbitrary momentum, at that staying on the LF (this Lorentz
transformation corresponds to generators M _, M, ).
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

When we constructing states, we introduce the basis of gauge
invariant states, which include the fields of quarks on the LF, and
important that their spatial coordinates are separated one from the
other and then we use P-ordered exponent of gluon fields (A,) for
the "color" group SU.(3):

X2
U x, = Pexp <—i/ dx“Au(x)> . (2)

1

For meson states we have the following expression:

{0(0) (U ) 0, (32)[0) o,

where wﬂr(x) is the independent component of bispinor 1) = <$+)
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And this is expression for baryon states:

[0 (0) (Usy o)™ 077 02) (U YV 014 08) (Ui o) ik [0 g,

where the coordinates of fields are connected to an arbitrary point
xo; for example, one can choose xg = %(Xl + x2 + x3).
To simplify the model, we take the simplest form of gluon fields A,,,
homogenious in space coordinates and diagonal in color indices
Al(x) = 69 Aj,(xT). Then
(Ux,x’)ij _ 5ijeiA,-L(x—x’)J- eiA,-_(x—x’)*’ (5)

xt=x't=0

where A;,(x) = A;Q(X) Z?:l Ay =0.
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

We start with the construction of hadron states in the rest frame
and take the concrete wave function, namely, as the eigen function
of the spectral problem which approximates the experimental
spectrum of hadrons.

Consider, for example, meson state:

3 o
| P)yrmo = / dBly dBly S~ w () g (v2)[0)eBY e PP (y),

i=1

o (6)
where  pt=pHt, pt=(m,0), misthe meson mass,
y=30n+y), y=n-y dBly=dytdy,
B,’; = B[{ djj is the gluon field in hadron rest frame, and the wave
function f(y) is defined as the eigenfunction of equation for
3-dimensional quantum harmonic oscillator:
(O, + B2y f(y) = 2 f(y), y= (", %) and 42 is the

eigenvalue corresponding to the mass squared of meson.
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

The meson state with arbitrary momentum  p, = (/\(ap))#” Py

can be constructed using the following transformation:
o
|P)xt=0 = U(ap) | P)y+=0, Where
L p-V2
iM_ E= [ == 0 _
U(Oép) = e’ kp_ eIM+7 In m ap = p1+’i721 - IS
\/mp,\@ P—\@
the matrix of this transformation in fundamental representation.

In this case, B/, goes to A;,, B, = ((/\(ap)) 1)1/ A,

P
P_

mA;
Ai_, Bi_ = — 7
P /3 (7)

Bl =Ai —
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The corresponding transformation of coordinates has the following
form:  yHt = (A_l(ap))uy XV, oyt =xt,

y~ =L (p-x" +pixt).

The quark field is transformed as follows:

Ulep) p(0) U Hep) =\ =00, B = %

And the integration measure is transformed as dBly = % p_ dBlx.
So we get:  [p)yr—g = p— %x
x [dBIx dBlx 3731 7 (xa) ¥/ (x2) [0) exp(iAix) exp(—ipX) f(y(x))-
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

To simplify the problem of constructing effective Hamiltonian, we
move from fields to creation operators:

’P, )‘>X+:O = /d[3]Xd[3])_(d[3]k d[3]/_(><

X > bit(ky) dif (ka)|0) exp (iAix) x
i=1,2,3; s1,5p=+1/2
xexp {i ((k = p)x + kx) } fy 50 (¥), (8)

where )?:%(Xl —I—Xg), X = X|1 — Xo, /_(=k1+k2,
k=1(ki— k), p isthe momentum of hadron state,

dBlx = dxd@xL, s, s, A are indices associated with the
spin of quarks,  bit(k) = bt (k,s), dit(k)=d'*(k,—s).
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

Carrying out the similar procedure for baryon states, we obtain:
— ~ 3 .
1P, )t —o = / d Blx d Blk aB¥lx aBlk aB¥lx aBlk (H b;:“(k,-)) 0) x
i=1

x exp (iAix;) exp {i((k — p)X + kx + kX)} fo 6 50 (¥,¥) s (9)

where 7:%(X1+X2+X3), X = X| — X2,
X=3(a+x)—x3 y=y—y, y=

x y =301 +y2) — 3
k= ki + ko + ks, k:%(kl—kz), k =

(kl + ko — 2k3).

Wl NI=

10/22



Valent Quark Effective Model for Hadrons on the Light Front (LF)

As a result, it is possible to find the effective mass squared operator
for which these states turned out to be eigenstates:

P2 =53 103 smt1/2 J 470 {b£+(q) bi(q) (u+B;)*+

+ (@) dia) - B - 187 04 1) (B + § ) +

+ M2 —%(V—I—l)v&tg,

where

1
B =

3
_5(81_82)7 EZBl—i-BQ, ZB,:O

i=1

0@ = (0= Fra). wl@=m(3-L),

and v and m mean the operators of total number of quarks and

antiquarks and the mass, respectively. 11/22



Valent Quark Effective Model for Hadrons on the Light Front (LF)

We can check that our states are eigenstates for P2. For example,
for mesons:

P2|p, A= = / d[31xd[3]k< Yo bif(k) dif (k) [0)

i=1,2,3; s1,5=+3

. 4
X exp (I(k + A,)X)> (§ g2 y2 — 2 Ay + 2Mg> f51752,)\()l)‘

Using the known spectrum of 3-dimensional quantum harmonic
oscillator, we obtain the following spectrum of mass squared for
mesons:

m2, =8xf3 n—l—i +2M2, where ﬁzzz—gz (10)
ml 2 0 35’

n and / are radial and orbital quantum numbers respectively.
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

Similarly for the case of baryons:

/ - 7
2 2
',ln,l,ﬁ,7_8%’8 n—|—72 +n+*2 +3M0, (11)

2
where 3% = 23%.

These spectra being linear and equidistant, qualitatively describe
experimental data.
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

It is also possible to calculate matrix elements (p’, A\|J*(0)|p, \) of
the electromagnetic current J# between the lowest states in hadron
spectrum, and obtain the corresponding electromagnetic form
factors.

The simplest way is to consider the current component J*(x),
charge density on the LF:

3
JH(x) = (27r)32/d[3]qd[3]q’ZQx
Q,r j=1

x (b75(a) bl (@) — dG(a) do(a) .
where @ denotes the electric charge of quark.

For the lowest state of meson, the wave function is taken in the
following form

7651752,)\(y) = Nexp <_§y2> <1/27 51, 1/27 _52|j7 )‘>7

where (1/2,51;1/2, —sp|j, A) is the Clebsch-Gordan coefficient. 14722



Valent Quark Effective Model for Hadrons on the Light Front (LF)

As a result, we obtain:

/ + - 2p- Q C/2 ~1/2
<p 7A|J (0)‘[), A> - (271_)3 <1+ 4m2 X

q2

716ﬁ<1+4"—,§2)

where F(g?) is the meson form factor:

X exp = 2p_F(q?),

o Q q° Y2 9>
F(q°) = n)? <1+4m2> exp o5 (1+ qz) . (12)
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

Similar calculations for the lowest baryon state lead to the following
expression for baryon form factor:

F(g?) = -2 <1+ i >_1 i (13)
e ex — .
T e T g (14 2

These formulas show the difference from the formulae given in the
textbook [B.S. Ishkhanov et al.]:

-1
. 2\ q2
for the lightest mesons F(g°) = <1 + 52 ca GeV2> ,

2
for nucleons F(g?) = (1 + ﬁ) )

The asymptotics of these formulas for large g2, obtained
theoretically, differs from ours [S.J. Brodsky et al.; A.V. Efremov
and A.V. Radyushkin].
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

To remove this problem, it is proposed to introduce into the w.f. of
state in rest frame the dependence on additional fields £, and E,

in the form of factors ®(E) CT)(E) which are spectral functions for
harmonic oscillators in E and E.
Then the expression for P? should be changed as follows:

P2=g32(u+1)<As+ AB>+%Z/ dv { b:* (4) be(4) x

X (u+ B,-)2 + dsi+(q) dsi(q) (u— B,-)2 } + l/Mg - %(l/-f- 1)@g+

+ (—ngE + E2 — 3g1) + (V — 2)2 <—§12AE + E2 — 3§1) ,
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

I _

n, a0,y m, h

/ _ _
+4g1 <n1 + 21> +4g1 (v —2) (nl + 21> : (15)

However we consider only large values of the new parameters g1, g1
(g1/g, &1/g > 1). So it is possible to discard the specified

contribution and consider ®(E) ®(E) = exp (—T;Ez - ﬁfg),
which corresponds to the lowest state in new fields.

Then as the result of calculation, we obtain the meson form factor:

2

1
F(q*) = (23)3 <1+ 47;2> exp _M - (16)

4m
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

Similarly for the baryon:

F(q?) = Q <1+ i )_2exp _q—2 . (17)
(2m)® " 4m? 126 (14 %)

Therefore the correct asymptotics is restored. However the formulae
still differ from the formulae of B.S. Ishkhanov. It turned out to be
difficult to conform these formulae by varying the parameter 3,
since in our model there is the degeneracy in mass for particles with
different spins and zero values of n and / (7-, p- and K-mesons). If
we take wave functions in the following form:

f51,527/\(y) = f(y) <1/27 51; 1/27 _52 ‘./7 >‘>7

where (1/2,s1;1/2, —sp|j, A) is the Clebsch-Gordan coefficient,
then we can introduce an operator that gives on these states

different eigenvalues equal to the spin (either j=0 or j=1).
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Valent Quark Effective Model for Hadrons on the Light Front (LF)

Such operator can be constructed as the square of the following
expression:

—
T = /qu (b”(q,S) <0> bi(q,s') +
2 ss’

. v .
+ d'*(q,s) <> d'(q, s’))
2 ss’
Then the states of mesons with different spins j can be separated in

the mass spectrum if we introduce into effective Hamiltonian the
—
dependence on operator (J)2.
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Conclusion:

In this work we investigated the possibility of constructing an
effective Hamiltonian on the light front (LF) within the framework
of the simplest quark model of hadrons (i.e., the valence quark
model).

We also calculated electromagnetic form factors for the lowest
states in these spectra and indicated possible way of obtaining the
correct asymptotics of these form factors for large values of the
transferred momentum.

In addition, we constructed an operator that allows us to distinguish
between states with different spins composed of the spins of quarks.
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