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An acceleration of the nuclear reaction rate? 

Electron Screening Muon catalyzed fusion 

𝜎 𝐸𝑠𝑐𝑟𝑒𝑒𝑛 ≈ 𝜎 𝐸 ⋅ exp
𝜋 ⋅ 𝜂 ⋅ 𝑈𝑠𝑐𝑟𝑒𝑒𝑛

𝐸
 

𝑈𝑠𝑐𝑟𝑒𝑒𝑛 ∈ 65, 220  eV for 3He 𝑑, 𝑝 4He 

Expected effect 

 Experimental evidence is available  

[Alvarez, 1957; Jones, 1986] 

«Prompt fusion» 

Atom Molecule 
𝜇− 

𝜇− 

𝜎𝑣 𝜇𝑑𝑡 ≈ 1.7 ⋅ 10−11 cm3/s 

       [Kamimura, PRC107(2023)034607] 

𝜎𝑣 𝑑𝑡
max ≈ 10−15 cm3/s 

 
 Low-temperature catalysis has been  
     experimentally confirmed 
 The expected effect for reactions  
   without the formation of molecules 
                                             is unknown 
 What is all this for?  

 Thermonuclear driver  Boosting the yield of nuclear processes 
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𝜇− in nuclear reaction zone 

[L.I. Ponomarev, Contemporary Physics (1990) 31:4, 219-245]: 

                                                                      𝜆𝑓
in−flight

≈
𝑎𝜇

𝑎0

3

𝜆𝑓 ≈ 10−7𝜆𝑓 

𝑎0, 𝑎𝜇 −Bohr radii, 𝑒− − atom and 𝜇− − atom 

d t𝜇− 

r [fm] 

V [MeV] 

1-nd Bohr orbit ≈ 256 fm 

Classical t.p. 𝑟∗ ≈ 180 − 500 fm 

Tunneling 

?? 

𝐸𝑡ℎ = 4.45 keV 
𝑑 + 𝑡𝜇− → 𝑑 + 𝜇− + 𝑡 

𝑑 + 𝑡𝜇− → 𝑛 + 𝜇− + 4He 
min (𝐸𝜇−4He) = 17.58 MeV 

Known rate estimates raise questions : 

𝑁 ≈ 𝜏𝜇− ⋅ 𝜎𝑑𝑡 ⋅ 𝑛𝑑 ⋅ 𝑣𝜇−𝑡 =  
0.017 ⋅ 𝜎𝑑𝑡 barn , 𝑎𝑡 𝑇𝑑 = 1 keV

0.054 ⋅ 𝜎𝑑𝑡 barn , 𝑎𝑡 𝑇𝑑 = 10 keV
 

The number 𝑁  of catalyzed fusion 

 for 𝑛𝑑 = 5 ⋅ 1020 см-3: 

𝑑 + 3He𝜇− → 𝑑 + 𝜇− + 3He 

𝐸𝑡ℎ = 17.82 keV 
𝑑 + 3He𝜇− → 𝑝 + 𝜇− + 4He 
min (𝐸𝜇−4He) = 18.34 MeV 

• For cold fusion 𝑇 ≤ 100 𝐾∘, 𝑁 ≤ 150  
[Jones, Nature 321 (1986) 127]         𝜎𝑑𝑡 ≤ 3000 [barn] 

• In-flight reactions (with muonic atom 𝑡𝜇−) 
If 𝝈𝒅𝒕 = 𝐦𝐚𝐱 𝝈𝒅𝒕 ≡ 𝟓 [barn], then  

  𝑁 ≤ 0.085 a𝑡 𝑇𝑑 = 1 keV and 𝑁 ≤ 0.27 a𝑡 𝑇𝑑 = 10 keV 

If  𝑵 ≈ 𝟏𝟎𝟎, then 𝜎𝑑𝑡 ≈ 6000 [barn] at 𝑇𝑑 = 1 keV  

                             and 𝜎𝑑𝑡 ≈ 2000 [barn] at 𝑇𝑑 = 10 keV  

 Non-overlapping temperature ranges for cold fusion and in-flight fusion reactions 

 Expected catalysis of in-flight fusion reactions resides in the realm of muonic atom ionization  
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• Res (One resonance model) 

𝑑𝜎

𝑑Ω
=

1

4𝑝𝑖
2 ⋅

2𝐽 + 1

3 2𝐼 + 1
⋅

Γ𝑖Γ𝑓 ⋅ 10 ⋅ ℏ𝑐 2

𝐸 − 𝐸𝑅
2 +

1
4
Γ𝑖 + Γ𝑓

2
 

Γ𝑖 = 2𝛾2 𝜉𝐸𝑓 ⋅ exp −𝜋𝜂 , 𝜉 =
2𝜇𝑅2

ℏ𝑐 2
, Γ𝑓 = 2𝛾2

𝜉𝐸𝑓
5

9 + 3𝜉𝐸𝑓 + 𝜉𝐸𝑓
2 ⋅ exp (−𝜋𝜂) 

Let’s start with reactions: 𝑑3H → 𝑛4He, 𝑑3He → 𝑝4He  

• Pot (Simple potential model) 

𝜆𝑙
𝐽
Ξl 𝑝𝑓 Ξl pi ≡ 𝑣22,        

𝑉𝑅

𝜇𝑅
2 + 𝑝𝑓

2 + 𝑝𝑖
2 − 2𝑝𝑓𝑝𝑖𝑦𝑝𝑓𝑝𝑖

≡  𝑣21 −
𝑣11 − 𝑒𝑙𝑎𝑠𝑡𝑖𝑐
𝑡ℎ𝑒𝑟𝑚𝑜𝑛𝑢𝑐𝑙𝑒𝑎𝑟

𝑣12 − 𝑟𝑒𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡
 

[1S1/2,
 2P1/2,

 2P3/2,
 2D3/2] 

 
𝑡11 = 𝑣11 + 𝑣11𝐺0𝑡11 + 𝑣12𝐺0𝑡21
𝑡21 = 𝑣21 + 𝑣21𝐺0𝑡11 + 𝑣22𝐺0𝑡21

 
Ξ𝑙 𝑝 =

𝑐1𝑝
𝑙

𝑝2 + 𝑏1
2 𝑙+1

+
𝑐2𝑝

𝑙+2

𝑝2 + 𝑏2
2 𝑙+2

 

• A-Cont (Analytical continued model) 

𝑣 𝛽𝛼 𝑝 𝑓, 𝑝 𝑖 = 𝑣𝛽𝛼 𝑝 𝑓, 𝑝 𝑖 +
𝑖𝜇 2𝜇𝑧

𝜋
 𝑣𝛽𝛾 𝑝 𝑓 , 2𝜇𝑧 ⋅ 𝑝  ×

𝛾

 

 𝛿𝛿𝛾 −
𝑖𝜇

𝜋
2𝜇𝑧 ⋅ 𝑣𝛿𝛾 2𝜇𝑧 ⋅ 𝑝  , 2𝜇𝑧 ⋅ 𝑝  

𝛿 𝛾𝛿

−1

× 𝑣𝛿𝛼 2𝜇𝑧 ⋅ 𝑝  , 𝑝 𝑖  

Lippman Schwinger equation is 

numerically solved with  

potentials 𝑣 11, 𝑣 12, 𝑣 21 

Computation of reaction cross sections 

[Yu.V. Orlov, JETP letters 33(1981)380] 
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Computation of reaction cross sections 
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Precise three-body dynamics 

1 2 3
𝑑 𝑦− 3H
𝑛 𝑦− 4He

 𝛼 

𝛽 

𝑇𝑖 → 𝑇𝑖
𝛼𝛽

 

All accessible channels are reflected  

in the following representations:  

 𝑡1 → 𝑡1
𝛼𝛽

=
𝑡1
𝑦−3H→𝑦−3H

0

0 𝑡1
𝑦−4He→𝑦−4He  

 

 𝑡2 → 𝑡2
𝛼𝛽

=
𝑡2
𝑑3H→𝑑3H 𝑡2

𝑑3H→𝑛4He

𝑡2
𝑛4He→𝑑3H 𝑡2

𝑛4He→𝑛4He
 

 

 𝑡3 → 𝑡3
𝛼𝛽

=
𝑡3
𝑦−𝑑→𝑦−𝑑

0

0 𝑡3
𝑦−𝑛→𝑦−𝑛  

For processes like as 𝑑 + 𝑦−3H → 𝑛 + 𝑦− + 4He, 

where 𝑦− ∈ [𝑒−, 𝜇−] there are partitions and channels 

representation: 

System of Faddeev equations with thermonuclear 

fusion 

𝑇1
11

𝑇1
21

𝑇2
11

𝑇2
21

𝑇3
11

𝑇3
21

=

𝑡1
11(𝜙2 + 𝜙3)

𝑡1
21 𝜙2 + 𝜙3
𝑡2
11(𝜙3 + 𝜙1)

𝑡2
21(𝜙3 + 𝜙1)

𝑡3
11(𝜙1 + 𝜙2)

𝑡3
21(𝜙1 + 𝜙2)

+

0 0 𝑡1
11𝑅0 0 𝑡1

11𝑅0 0

0 0 0 𝑡1
22𝑅0 0 𝑡1

22𝑅0
𝑡2
11𝑅0
𝑡2
21𝑅0
𝑡3
11𝑅0
0

𝑡2
12𝑅0
𝑡2
22𝑅0
0

𝑡3
22𝑅0

0
0

𝑡3
11𝑅0
0

0
0
0

𝑡3
22𝑅0

𝑡2
11𝑅0
𝑡2
21𝑅0
0
0

𝑡2
12𝑅0
𝑡2
22𝑅0
0
0

 

𝑇1
11

𝑇1
21

𝑇2
11

𝑇2
21

𝑇3
11

𝑇3
21

 

Note:  

analogues reasoning regarding rearrangement operators 𝑈𝑖𝑗
𝛼𝛽

 where 𝑇𝑖
𝛽𝛼

=  𝑡𝑖
𝛽𝛾
𝑅0𝑈𝑖

𝛾𝛼
𝛾   and 𝑈𝑖 

𝛽𝛼
=  𝑈𝑘𝑖

𝛽𝛼
𝑘  

leads to an equation with the same, but transposed, integral kernel and a different inhomogeneous term. 

The determinant of the original and transposed matrix is the same  - the binding energy of the three-body system does not  

depend of the method of solution (rearrangement 𝑈𝑖𝑗
𝛼𝛽
 operators or breakup 𝑇𝑖 matrices) 

𝑦− 

𝑑 

3H 
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• To achieve the goal (cross sections in the three-body problem)  

it is sufficient to find only  𝑇1
11 , 𝑇1

21. 
• Faddeev equation in the continuum has bound states corresponding to two-body 

subsystems, therefore solving the equation by algebraic methods is difficult. 

• The solution is sought in the form of iterations 𝐶𝑛 𝑖
𝛼𝛽
where n=0,1,2,…,  

     grouped into Padé  approximants 𝑇𝑖
𝛼𝛽

≈  𝐶𝑛 𝑖
𝛼𝛽

𝑛 . 

• In present case 𝑡1
21, 𝑡1

12, 𝑡3
12, 𝑡3

21, 𝑡3
22 −are absent under the conditions 

• Jacobi momenta are defined in terms of the overall center-of-mass  

     systems  momenta 

• Scattering energy 

𝐸 = 𝑇
𝑚23

𝑚23 +𝑚1
− |𝐸𝑏,23| 

• The resolvent energy is shifted 

𝑧𝑖 𝑗𝑘 = 𝐸 −
𝑞𝑖 𝑗𝑘
2

2𝑀𝑖 𝑗𝑘
 

 

• 𝑈0 𝑝 , 𝑞 ; 𝑞 0 = 𝑝 𝑞 𝑇1 𝑞 0Ψ1 23 + 𝑝  𝑞  𝑇2 𝑞 0Ψ2 31 + 𝑝  𝑞  𝑇2 𝑞 0Ψ2 31 ,

где 𝑝  𝑝 , 𝑞 , 𝑞  𝑝 , 𝑞 , 𝑝  𝑝 , 𝑞 , 𝑞  𝑝 , 𝑞       [see details: Few-body systems (2025) 66:24] 

•
𝑑𝜎

𝑑𝜔23𝑑Ω23𝑑Ω1
=

𝐸1 𝑊−𝐸1 𝑝1
′𝑝23𝐸1

′𝐸2
′𝐸3

′

𝑊2𝑝1 23 2𝜋 5

 𝑈0 𝑝 ,𝑞;𝑞0 
2

2𝑗1+1 (2𝑗2+1)
 

 

Zones of  ln-singularities: 

𝑞 0 𝑞  
𝜙𝑘 

𝑡𝑘 

Precise three-body dynamics 
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Cross sections and rates under the three-body problem  
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Reaction power vs bremsstrahlung losses 

[keV] 𝒅𝟑𝐇 → 𝒏𝟒𝐇𝐞 𝒅𝟑𝐇𝐞 → 𝒑𝟒𝐇𝐞 𝒅(𝟑𝐇𝝁−) → 𝒏𝟒𝐇𝐞𝝁− 𝒅(𝟑𝐇𝐞𝝁−) → 𝒑𝟒𝐇𝐞𝝁− 

𝑇𝑖𝑛 6.93 43.55 6.23 13.16/13.15 

𝑇𝑜𝑝𝑡 55.56 249.8 46.15 75.23/75.38 

• Cross section enhancement, a catalytic effect are only predicted by A-Cont. model 

• For calculating cross section, it is sufficient to limit by 𝐶0
𝛼𝛽

 and 𝐶1
𝛼𝛽

 iterations 

• Functions 𝜙 𝑝 − are eigenfunctions 
𝑧<0

 𝑝 = 2𝜇|𝐸𝑏|, 𝐸𝑏  −atomic binding energy 

     for 𝑧 ≥  0 𝜙 𝑝 −scattering states. 

Fusion catalyzed in in-flight reactions is manifests itself 

𝑃𝑐ℎ =
1+𝑍𝑎 1+𝑍𝑏
2+𝑍𝑎+𝑍𝑏

2 ⋅𝐸𝑐ℎ⋅ 1+𝛿𝑎𝑏 ⋅ 𝜎𝑎𝑏𝑣 𝑛2 
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Appendix: 
Eigenfunctions 

• Wave functions of the 𝑦−𝑑, 𝑦−𝑡, 𝑦− 3
,4He systems were determined from analytical 

solutions of the corresponding Coulomb problems 

Ψ𝑛𝑙𝑚 𝑟, 𝜃, 𝜙 =
𝑛 − 𝑙 − 1 !

2𝑚 𝑛 + 𝑙 !
⋅

2

𝑛𝑎0

3
2

⋅ 𝑒
−

𝑟
𝑛𝑎0 ⋅

2𝑟

𝑛𝑎0

𝑙

⋅ 𝐿𝑛−𝑙−1
2𝑙+1 2𝑟

𝑛𝑎0
⋅ Ylm 𝜃, 𝜙  

Ψ100 𝑟, 𝜃, 𝜙 =
1

2

2

𝑎0

3
2

⋅ 𝑒
−
𝑟
𝑎0 ⋅

1

4𝜋
 

system Binding energy 

(n=1/n=2) 

Cut off 𝑪 

(n=1/n=2) 

𝑒−𝑑 -13.6 eV/-3.4 eV -0.265/1.28 

𝜇−𝑑 -2.66keV/-0.66keV -0.885/0.78 

𝑒−𝑡 -13.6 eV/-3.4 eV -0.265/1.28 

𝜇−𝑡 -2.71keV/-0.68keV -0.885/0.78 

𝑒−3He -54.41eV/-13.6eV -0.621/1.11 

𝜇−3He -10.84keV/-2.71keV -0.879/0.755 

𝑒−4He -54.41eV/-13.6eV -0.621/1.11 

𝜇−4He -10.94keV/-2.73keV -0.879/0.755 

a0 = 52917.74 fm 
(e−d, e−t) 

a0 = 255.927 fm 
(𝜇−d, 𝜇−t) 

Ψ100 𝑝 =
𝑎0

3
2

𝜋
5
2 𝑝2𝑎0

2 + 1 2

 

1/2 
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Appendix: 
Coulomb terms 

Cross sections ratio for Coulomb terms 

𝑉𝑅 𝑟 =
𝑍1𝑍2𝑒

2

𝑟
exp −

𝑟

𝑅
, 

𝑅 ≡ 𝑅 𝑘, 𝑙 =
1

2𝑘
exp

𝐶(𝑘, 𝑙)

𝜂(𝑘)
  

𝑉𝑅 𝑝𝑓 , 𝑝𝑖; 𝑧 ≡
2𝑘𝜂

𝑝𝑓
2 − 2𝑝𝑓𝑝𝑖 cos 𝜃𝑝𝑓𝑝𝑖 + 𝑝𝑖

2 +
ℏ𝑐
𝑅

2 

𝑉𝜙 𝑟 = 𝑉𝐶 𝑟 − 𝑉𝑅(𝑟) 

𝑇𝐶 = 𝑇𝜙 + 𝑡𝑅𝜙 

𝑡𝑅𝜙 = 𝑉𝑅 + 𝑉𝑅𝐺𝜙𝑡𝑅𝜙 
𝑇𝜙 = 𝑉𝜙 + 𝑉𝜙𝐺0𝑇

𝜙 
𝑇𝜙 𝑝 , 𝑝 = 𝑇𝜙 𝑝 , 𝑞 ′′ = 𝑇𝜙 𝑞 ′′, 𝑝 = 0 

 

- Coulomb matrix 

- it is provided by the selection of 𝑅 𝑘, 𝑙   

Approximations: 𝐺𝜙 → 𝐺0,  𝑒𝑥𝑐𝑙𝑢𝑠𝑖𝑜𝑛 of 𝑇
𝐶  from the short-range Green’s function 𝐺0  

Coulomb terms are included in: final p4He interaction with 𝐶 = 10−4, initial state interactions  

(ISI) in (dt, d3He) with  𝐶 = 10−4,  as well as in the lepton-nuclear scattering matrices with  

a parameter  𝐶 = −10−2. 

Initial state interaction: 

 𝑑3𝑞′′ 𝑇 𝑝 𝑓, 𝑞 
′′ 𝐺0 𝑞′′ 𝑇𝐶 𝑞 ′′, 𝑝 𝑖 . 

2/2 


