uTe
FOR NUCLEAR RESEARCH

Giant Dipole and Spin Magnetic Quadrupole Resonances
within Wigner Function Moments method

l. V. Molodtsova, E. B. Balbutsev

AAPC

CamkT-NeTep6yprekuii
FOCYA3pCTBEHHbIN
yHuBepCHTeT

July 1-6, 2025

GINON

L.V. Molodtsova, E. B. Balbutsev GDR and Spin M2 Resonance within WFM method



The Wigner Function Moments (WFM) method is applied to the description of the
Giant Dipole Resonance and Related Spin-dependent Excitations in even-even
deformed axially symmetric and spherical nuclei.

@ Brief description of the WFM method.
Details are contained in:

E. B. Balbutsev, I. V. Molodtsova, and P. Schuck,
Nucl. Phys. A 872, 42 (2011), PRC 88, 014306 (2013),
PRC 91, 064312 (2015), PRC 97, 044316 (2018);

E. B. Balbutsev, . V. Molodtsova, A. V. Sushkov, N. Yu. Shirikova, and
P. Schuck, PRC 105, 044323 (2022);

E. B. Balbutsev and I. V. Molodtsova,
Eur. Phys. J. A 59, 207 (2023), Eur. Phys. J. A 60, 185 (2024).

@ GDR, ESDR and spin-M2 excitations.

© Concluding remarks.
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=> The basis of the WFM method is the Time Dependent Hartree-Fock (TDHF)
equation for the one-body density matrix p7 (r,o; v, 0’; t) = {r,o|p7 (t)|¥',0’):

maaig = [ir,ﬁf} , 1)
where 7 = {n, p}.
—> Microscoic Hamiltonian:
AT 1 R
H= ;—Q—Emofr?—n,s, + Hgqq + Had + Hsd,
i=1

2 Z N K 4 N
Hog = > (-1)* {RZZ 3 {Z + Z }qz u (1) a2, (rj),
YZ N
£ o

Hag = Z (=1 {EZZ %

p=—2

Ha =5 (- { Sy §{Z+N”()o)

A=l JUZ) (i)

where g, (r) = \/1677/5r Y2, (0,9), sau = { ® PYau/h
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=> Fourier (Wigner) transformation
7,007 _ —ips/h s Ps s
o (r7p7t)7 dse r+ 5,0’|p(t)|r—§70' )

converts equation (1) for the density matrix into equation for the Wigner
function f""’”/(r, p, t), where

oo’ =11, 4,1 4,

1 1
with the conventional notation 1 for o = 5 and | for o = 5

= Integrating the equation for the Wigner function over a phase space with the
weights r,, p, one gets dynamical equations for the collective variables:

R (£) = (2nt) 2 [dr [dp 7 (1, 0),

PEe (2) = (2x) 2 [dr [ap pf™ (5,0, 0). )

Only first-rank tensors are taken into account in the present calculations.
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—> lsoscalar and isovector variables:

Xu(t) = X2 (1) + XP(1),  Xu(t) = Xp(t) = Xp(r), X ={R,P}.

Spin-scalar and spin-vector variables:
X)) = X3T(0) + Xt (0), X (1) = XA () = X (2).

=> Small amplitude approximation: X5 (t) = X °? + &;(t),
X () = {Re(1), P<(1), Re(2), P(8)}, s =+, =141
Linearization in deviations X,,(t) and imposing the time evolution via e’ for all

variables allows to transform the system of nonlinear dynamical equations into a
set of linear algebraic equations.

Eigenfrequencies 2 are found as solutions of its secular equation.
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K™ =17 equations
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) A
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_ A _
meo? + argQy) RET — in—__pf — 404;@0020X7?.3’T - [xoR§T + xaRFTT],

= (
Pro=—(
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where X = (N — Z)/A is asymmet ter, Qoo = 46Qpg. @ = M Q. Ry = 1.241/3
- ymmetry parameter, Q0 = 5 8Qoo. Q3 = T4~ Q0. Ro = 1. :

g = —m?/(4Qgp). w1 = e, &2 = W3/[(1+ $6)2/3(1 — 26)1/3).

n = 2hwgr and k) is Nilsson spin-orbital strength constant.



[(wal Oltpo)[* =k lim (2= Q) (w/|Olp e, O(t) = Oe™™ + 0T ¢

A. M. Lane, Nuclear Theory (Benjamin, New York, 1964).

O(E1, p,)fe\/7< 2772> [l
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where T, () = (2mwh) 3 /dr /dp{r ® pyaury SF 7 (r,p, t).
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Giant Dipole Resonance (1 = 0 limit)

( N\ 4 1\
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Giant Dipole Resonance (1 = 0 limit)

X=0
[Qi}i]z:wch+g§g, [Q£]2:W2CK+35{<

G = (17 géfd—i), G = (1+ géi—;)

2
~ ~ mw
QUE) =0 — & = -G

£ = étsmCk  with Epm = 113A7%3 MeV- fm ™2

3 NZ é€h

B(EWK)iw = o= —ops B(ELK)is =0

h? NZ
EWSR: S(E1) = Bi’——A &2
T m

The numerical estimates are given on the example of the nucleus %Dy with the deformation
parameter § = 0.26.

cr=1 _ _p. eV-fm™*, = =0. eV-fm~
£ = —0.0126 MeV- fm ™2 £F=1 = 0.0264 MeV - fm 2
£ = —0.0077 MeV - fm ™2, £K=" = 0.0162 MeV- fm ™2,
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Giant Dipole Resonance (1 = 0 limit)
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Figure: Eik (a, b, d, €) and S(E1K) = Eix B(ELK) (c, f) vs. X /€L ratio. The calculations
were performed without spin-orbit interaction. The solid blue lines correspond to GDRs, and the
dashed red lines to CMMs. The black short dashed lines in the panels (c) and (f) indicate the
EWSR value.
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Giant Dipole Resonance (1 = 0 limit)

164Dy
Coupled K™ =17 Decoupled (X = 0)
Ei, MeV  B(E1l), e*fm? Ei, MeV  B(E11), *fm?
e=1/Ef= =1
0.00 - 0.00 0.00 IS
16.28 23.86 16.35 24.07 v
=1 /E = —30
52.56 0.00 51.78 0.00 IS
16.16 24.36 16.35 24.07 v
Coupled K™ =0~ Decoupled (X = 0)
Eo, MeV  B(E10), e*fm? Eo, MeV  B(E10), e*fm?
§6=0/86=0 =1
0.00 - 0.00 0.00 IS
12.80 14.85 12.81 15.36 v
e=0/&6=0 = —30
40.76 0.00 40.57 0.00 IS
12.56 15.67 12.81 15.36 v

The experimental GDR energy centroid in medium and heavy nuclei follows a dependence
Egpr = 80A1/3 [MeV]. The energy separation caused by deformation was found to be
proportional to the ground state deformation 6: Agpr ~ Ecprd [MeV].

For Dy, Egpr = 14.62 MeV and Agpgr = 3.80 MeV.

WFM: Eqpr = 14.94(14.75) MeV and Agpr = 3.48(3.60) MeV.
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Spin M2 in spherical nuclei

RY = Ry + (RIY = RY)/V2
Py’ =Py +(PI* =P/ V2
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327 mQ4
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s7M2) = 52 [y s (e 2) v

gP™ = 5.586(—3.826) — glv(®) = 0.412(1.760)

B7(M2) ~ g2 [gs = 0.7g5]



AT Kgq
A(r?)
Castel and Hamamoto, Phys. Lett. B 65, 27 (1976): ksq = 25 MeV.

MeV/fm2 and x1 = a1Xo-

The spin-dipole—spin-dipole coupling constants: xo =

T T 12
10
8
6
4
2

208Pb

(Qfop)
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BT o 1
0‘1

B°(M2)T (10° f, fm®)

The (QMz/wo)z vs. a1 = Xx1/Xo0- The Energies E(M2) and B?(M2) strengths as a func-
red/blue lines mark Qfor different tion of a;. E1 = hQy (red line), £, = hQ_
Kgsa values: | — 15 MeV, Il — 25 MeV, (blue dashed line). The dash-dot line shows the
Il = 40 MeV. summed M2 strength.
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WEM EPJA 59, 50 (2023)

Nuclei  E(27), MeV  B7(M2), u3fm? E(27), MeV  B(M2), p3fm* 3 B7(M2)
208y, 4.78 386.50 6.46 1815 95515
9.94 13353.42 ~ 10 15863.82
%0, 6.24 313.82 ~ 5 11780
13.18 6464.66 ~13

The properties of M2 transitions were studied in the framework of RQRPA in Ref. [KruZi¢ et. al,
Eur. Phys. J. A 59, 50 (2023)].

15000

e . \
[ —_ b
_ 8000 | © Pb, Th}lgsxggrk ©) 208y, " Hartree
< — _ — Ry, )
<6000 | 1 >
~ = 10000
= s
a 4000 | - é
3 g
2000 - R = L
A \ ‘ ’ a 5000
0 #J.‘\‘L\‘J\..‘J | L ~
0 5 10 15 20 25 30
E [MeV] 05

[Kruzi¢ et. al, EPJA 59, 50 (2023)].
Expt.: [Lindgren et. al, PRL 36, 116 (1976)].



Electric K™ =0~
Ry, Py, Rg =R +RY, Py =P+ P

- 1 - [ _
RE = =P — il V2RE,

m 2
= 1 _ _
RE = —PE —inlVaRE,

m 2
= _ - 4 —
P = —m? QR — ihg\@PoE + 30Xmi Ry — A (6Rg +X&Rq ),

- _ - 2 A _
PE = —mGRE - mgﬁpo* - JoxmiRG — 7 [aR§ + XxoR5]

1
RE = =Pf — ihlV2RE,
m 2

e 1

- 1 +
RE = =PE —iniVv2R{,
0 m o ! > 0
. 7 4 _ _
P = —mGQRE — ihg\/EPOE + 30XmIP Ry — A (6oRg +XaRs)

. , 2 . A _
PE = —mwGRE - ihgﬁpg - JOXmP*RE — 7 [xoR§ +XxaR5] .

(Bxby — By6x) = Tr (PP x 6]0) = —iV2 (PlN + Pﬂ) = —ivV2PE,

(x6y = y&) = Tr(ple x 81o) = —iv2 (R]* + RY}) = —iv2RY,

where o; are Pauli matrices.
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E,, (MeV)

WFM calculations for 1*4Dy:

NA ______
€15 . m—immmmmT E
o Eio, MeV | B(E10), e*fm?
~ 10 - 4
S (b) 7.57 0.00
W st _ -7 11.57 4.93
& -
) T Setrataturi \ . 13.01 10.73
0 005 01 015 02 0.25
)

Figure: (a) Energies of K = 0 GDR (red line)
and SDR (blue dashed line) with (b) E1 strength
of GDR (red line) and SDR (blue dashed line) vs.
deformation §. The energy centroid Ejg and
summed B(E10) value are shown by black
dot-dashed lines.
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208 Pb

WFM 700 . w w
Young (1972) ~==  208ppy(y,7) k& ‘%
E(17), MeV | B(E1), e*fm? 600 Tamii et al. (2011) R O
Calarco (1969) s~ %
4.73 0.01 Alarcon et al. (1991) o g
0.83 1.70 500 Veyssiere et al. (1970) -~ E 2. B
Bell et al. (1982) ! }
13.37 54.32 I~ Present work —e— } iﬁ;? I3
g
5400— Ve g
% 300|- .
I
v The 2®Pb(p, p’) [Morsch, et al., ©
Nucl. Phys. A 297, 317 (1978)]: 2001
“The strong states at 6.26 and 8.37
MeV vyield evidence for a collective
17 spin-flip excitation.” 100 - 4
V'V The 28Pp(p, p’~y) reaction !
has been studied in [Wasilewska et 7 8 9 10 11 12 13 14
al., Phys. Rev. C 105, 014310 Photon energy (MeV)
(2022)].  Several discrete states
of electrical nature have been de- V' V'V Experimental 2®Pb(~y, n) cross section in the GDR
tected between 7 and 10 MeV. It region [Georghe et al., Phys. Rev. C 110, 014619 (2024)].

was supposed that some of them
are collective 1~ spin-flip excita-
tions.

Arrows indicate resonance structures.
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Conclusion

The isovector Giant Dipole Resonance and related spin-dependent excitations are studied within
the Wigner Function Moments method.

@ The energy position and caused by the deformation splitting of GDR are calculated for 54Dy
nuclei. Ways to eliminate the excitation of the center of mass motion are discussed.

@ The spin degrees of freedom give rise to the electric spin dipole resonance (SDR).
v The isovector SDR is expected to be seen in the energy region between 9 and 12 MeV,
and its gap with the GDR depends on the deformation of the nuclei.

@ Spin M2 states are studied in 2Pb and Zr.
V' The M2 transition strength is dominated by the isovector response.

V' The position of M2 states is determined by the parameters of spin-dipole—spin-dipole
interaction.
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@) = () = [ ar [ et o))

(&61) = Tr(goip) = Z / de [ ar' (]I 616115 . 5) =

s\a,|s)/dr/dr (Ns(r — '), s |plr,s) = Z(s|a,\s /drg Yr,s"|plr, s) =
ss’ s,s’
m|s>/dr/ s Rr ).
s,s’
(p_181) = —V2PY,  (p1o_1) = V2PV, (podo) = Py .

(Bedy — By0x) = ([p X ol.) = ([b x olo) = i(p-161 — pr&—1) = —iv2 (P[* = PL]).
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The TDHF equation reads

>
|
>

ihp = (4)

Let us consider its matrix form in coordinate space keeping all spin indices s,s”: (r, s|p|r’,s’), etc.
We do not specify the isospin indices in order to make formulae more transparent. After

introduction of the more compact notation (r, s|X|r',s’) = 55, the set of equations (4) with
specified spin indices reads

inpll, =/dr T
,

'hp = /dr/ h /PTJ'// - szhj/t/ + hT%PL/L/ hli 7

T;hj/t/, +th LT THpdt

"/ e

hT
+

’
TPT/l// P ! hT/¢// + h“/’P%l'// l"l'/‘L

1

gl = [ (100, — olIih, + htbolt,, - “h%,)
inph = [a (1 ).
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. ih ih
Y Y O A AR W ’?{hu)fw} _ ’E{fm,hw}

— ’f{{h”,f“}wh—z{{f”,h”}}+.u,
ih

. ih
iRt = ik hiL £ pATETE it ! hLT £+ fLT Tt
j (A, £y 4 e N B TS
A R s
. i "2
l’ﬁf“’ — fTih— + L{h+, f‘Nv} _ E{{h_’ fT¢}}
Ha 2
_ thf + = {hTi f+}+ {{hTL,f_}}+
ihflvT _ 7flTh_ + {h+ fiT}+ {{h_ f—iT}}
ih h? _
+ BT T - T T (6)

s,s’

’
where the functions hs'sl(r7 p) fs’s/(lf7 p) are the Wigner transforms of hf’f,, P, respectively,

, r
{f, g} is the Poisson bracket of the functions f(r, p) and g(r,p), {{f,g}} is their double Poisson
bracket, f¥ = FTTLfH and hT = K™ £ A, The dots stand for terms proportional to higher
powers of i — after integration over phase space these terms disappear and we arrive to the set of
exact integral equations.
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Third rank tensors

15 2u
@' 10(M2, w)|v') = [ 5~ Z Z Clhiyn
- s ol Z\f
g > (olSu 10 YRS — & Ty
o',a’

orbital twist

T, d T
T (6) :/dr /7(2751)3 {r@p}iur, 6F7 1 (r,p, t)
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