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HF-BCS calculations

To calculate binding energies of the daughter 
nucleus (N - 1,Z + 1) and the final nucleus       
(N - 1 - X, Z + 1), the blocking effect for unpaired 
nucleons are taken into account. Finally, the 

calculated Q-value and the neutron separation 
energies for the daughter nucleus are given by

𝑄𝛽 = ∆𝑀𝑛−𝐻 + 𝐵 𝑍 + 1,𝑁 − 1 − 𝐵 𝑍,𝑁

𝑆𝑥𝑛 = 𝐵 𝑍 + 1,𝑁 − 1 − 𝐵 𝑍 + 1,𝑁 − 1 − 𝑋
∆𝑀𝑛−𝐻=0.782MeV is the mass difference between the neutron and the hydrogen 
atom
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Making use of the finite rank separable approximation for the residual interaction 
enables one to perform the calculations in very large configuration spaces

Nguyen Van Giai, Ch. Stoyanov, and V. V. Voronov, Phys. Rev. C57,1204 (1998).
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The coupling between one- and two-phonon terms in the wave functions of excited 
states are taken into account
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Two-phonon structures 



Two-phonon structures 

Using the variational principle, one obtains  a set of linear equations  for the unknown 

amplitudes 𝑅𝑖 𝐽𝜈 and 𝑃𝜆2𝑖2
𝜆1𝑖1 𝐽𝜈

Ω𝜆𝑖 − 𝐸𝜈 𝑅𝑖 𝐽𝜈 + 

𝜆1𝑖1𝜆2𝑖2

𝑈𝜆2𝑖2
𝜆1𝑖1 𝐽𝑖 𝑃𝜆2𝑖2

𝜆1𝑖1 𝐽𝜈 = 0

Ω𝜆1𝑖1 +
ഥΩ𝜆2𝑖2 − 𝐸𝜈 𝑃𝜆2𝑖2

𝜆1𝑖1 𝐽𝜈 +

𝑖

𝑈𝜆2𝑖2
𝜆1𝑖1 𝐽𝑖 𝑅𝑖 𝐽𝜈 = 0

These equations have the same form as the equations of the quasiparticle-phonon 
model (QPM)[V. A. Kuzmin, V. G. Soloviev, J. Phys. G 10, 1507 (1984)], but the single-
particle spectrum and the parameters of the residual interaction are calculated with the 
Skyrme forces.

A.P.S., V. V. Voronov, I. N. Borzov, N. N. Arsenyev, Nguyen Van Giai, PRC 90, 044320 (2014)



In the allowed GT approximation, the β-decay rate is expressed by summing the
probabilities of the energetically allowed GT transitions (𝐸𝑚

𝐺𝑇 ≤ 𝑄𝛽) weighted with

the integrated Fermi function

𝑇1/2
−1 =

𝑚

𝜆𝑖𝑓
𝑚 = 𝐷−1

𝐺𝐴
𝐺𝑉
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𝑚

𝑓0(𝑍 + 1, 𝐴, 𝐸𝑚
𝐺𝑇) 𝐵(𝐺𝑇)𝑚

𝐸𝑚
𝐺𝑇 = 𝑄𝛽-𝐸1𝑚+

where 𝜆𝑖𝑓
𝑚 is the partial β-decay rate, 

𝐺𝐴

𝐺𝑉
=1.25, D= 6147 s. The transition 

energies 𝐸𝑚
𝐺𝑇

refer to the ground state of the parent nucleus. 𝐸1𝑚+ denotes the 

excitation energy of the daughter nucleus. 

𝐸1𝑚+ ≈ 𝐸𝑚 − 𝐸2𝑞𝑝,𝑙𝑜𝑤𝑒𝑠𝑡

𝐸2𝑞𝑝,𝑙𝑜𝑤𝑒𝑠𝑡 corresponds the lowest two-quasiparticle energy.

𝐸𝑚 and 𝐵(𝐺𝑇)𝑚 are the solutions either of the QRPA equations, or of the equations 
takinginto account the two-phonon configurations. 



The difference in the characteristic time scales of the β-decay and subsequent
neutron emission processes justifies an assumption of their statistical
independence.
The probability of the βxn emission accompanying the β decay to the one- and two-
phonon excited states in the daughter nucleus can be expressed as

𝑃1𝑛 ∶ 𝑄𝛽 − 𝑆2𝑛 ≤ 𝐸𝑚′
𝐺𝑇 ≤ 𝑄𝛽 −𝑆𝑛

𝑃2𝑛 ∶ 𝑄𝛽 − 𝑆3𝑛 ≤ 𝐸𝑚′
𝐺𝑇 ≤ 𝑄𝛽 −𝑆2𝑛

𝑃3𝑛 ∶ 𝑄𝛽 − 𝑆4𝑛 ≤ 𝐸𝑚′
𝐺𝑇 ≤ 𝑄𝛽 −𝑆3𝑛

𝑃4𝑛 ∶ 𝑄𝛽 − 𝑆5𝑛 ≤ 𝐸𝑚′
𝐺𝑇 ≤ 𝑄𝛽 −𝑆4𝑛

𝑇1/2 ∶ 0 ≤ 𝐸𝑚
𝐺𝑇 ≤ 𝑄𝛽

𝑃𝑥𝑛 = 𝑇1/2𝐷
−1

𝐺𝐴
𝐺𝑉

2



𝑚′

𝑓0(𝑍 + 1, 𝐴, 𝐸𝑚′
𝐺𝑇) 𝐵(𝐺𝑇)𝑚′

A.P.S., N.N. Arsenyev, I.N. Borzov, E.O. Sushenok, Phys. Rev. C 95, 034314 (2017) 



We concentrate on the delayed multi-neutron emission in the region below the neutron-

rich doubly magic nucleus 132Sn. The β-decay rates help to reconstruct the Gamow-

Teller strength distribution. Our theoretical investigation taking into account the

phonon-phonon coupling for the study of low-energy spectrum populated in the β-

decay of unstable nuclei.

The β-decay properties of r-process “waiting-point nuclei”129Ag,130Cd,  131In
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A.P.S., N.N. Arsenyev, I.N. Borzov, E.O. Sushenok, PRC 95, 034314 (2017) 



The evolution of the β-decay half-lives

The largest contribution in the calculated β-decay half-life comes from the [11
+]𝑄𝑅𝑃𝐴

configuration, but the two-phonon contributions are appreciable. The inclusion of

the two-phonon terms results in an increase of the transition energy.

𝑇1/2
−1 =

𝑚

𝜆𝑖𝑓
𝑚 = 𝐷−1

𝐺𝐴
𝐺𝑉

2

×

𝑚

𝑓0(𝑍 + 1, 𝐴, 𝐸𝑚
𝐺𝑇) 𝐵(𝐺𝑇)𝑚

N=82 isotones

T43

A.P.S., N.N. Arsenyev, I.N. Borzov, E.O. Sushenok, Phys. Rev. C 95, 034314 (2017) 



The phonon-phonon coupling effect on the β-decay rates T43
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The phonon-phonon coupling effect on the β-decay rates
T43
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A.P.S., N.N. Arsenyev, I.N. Borzov, E.O. Sushenok, D. Testov, D. Verney, PRC 101, 054309 (2020)

The staircase function



130In β-delayed  γ-spectrum

This fact indicates that indeed the calculated third 

1+ state corresponds to the experimental level 

located at 2120 keV which was also reproduced by 

the shell model.

It is shown for the first time that the structure the additional 1+ states is mostly dominated by the 

two-phonon configuration built on the charge-exchange first 3+ phonon.

T43

A.P.S., N.N. Arsenyev, I.N. Borzov, E.O. Sushenok, D. Testov, D. Verney, PRC 101, 054309 (2020)



A.P.S., N.N. Arsenyev, I.N. Borzov, E.O. Sushenok, D. Testov, D. Verney, PRC 101, 054309 (2020)

The correlation between the low-lying E2 transition 
strengths of the parent and daughter isobaric 

companions

In

Cd



Summary

◼ Starting from the Skyrme mean-field calculations, we have studied the effects of the

phonon-phonon coupling on the β-delayed multi-neutron emission. Our results

represent the successful comparison between experimental β-delayed γ-spectra and

those calculated with the Skyrme EDF.

◼ We predict a non-zero probability of the neutron emission in the case of 126Cd .
Among our initial motivation was the search for multi-neutron emission in the case
132Cd in comparison to the N=82 isotone 130Cd. The inclusion of the phonon-
phonon coupling results in the 55% increase of the ratio .

◼ It is shown that the space extension of the charge-exchange phonons enriches the 1+

spectrum of 130In. An important increase of the level density near the neutron
threshold is achieved. It is shown that the structure the additional 1+ states is mostly
dominated by the two-phonon configuration built on the charge-exchange first 3+

phonon.

◼ The results have shown the correlation between the low-lying E2 transition
strengths of the parent and daughter isobaric companions as compared to the
β-decay data of 126,128,130Cd.

𝑃2𝑛/𝑃1𝑛
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