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Schrödinger equation:

– oscillator function

n=0,1,…

HORSE formalism

w.f. expansion

𝐻𝑙𝑢𝑙(𝑘, 𝑟) = 𝐸𝑢𝑙(𝑘, 𝑟)

𝑢𝑙(𝑘, 𝑟) = ∑
𝑛=0

∞

𝑎𝑛𝑙(𝑘)𝜑𝑛𝑙(𝑟)

∑
𝑛′=0

∞

(𝐻𝑛𝑛′
𝑙 − 𝛿𝑛𝑛′𝐸)𝑎𝑛′𝑙(𝑘) = 0

Radial Schrödinger equation 

𝜑𝑛𝑙(𝑟)

𝐻𝑛𝑛′
𝑙 = ⟨𝜑𝑛𝑙(𝑟)|𝐻

𝑙|𝜑𝑛′𝑙(𝑟)⟩



Hamiltonian matrix 
elements:Hamiltonian 

structure:

Non-zero kinetic energy m. e. 

Truncated potential energy 
matrix

0

HORSE formalism

T+V

0
T

N

N

𝑇𝑛𝑛
𝑙 =

ℏ𝜔

2
2𝑛 + 𝑙 +

3

2

𝑇𝑛+1,𝑛
𝑙 = 𝑇𝑛,𝑛+1

𝑙 = −
ℏ𝜔

2
(𝑛 + 1) 𝑛 + 𝑙 +

3

2

𝐻𝑛𝑛′
𝑙 = 𝑇𝑛𝑛′

𝑙 + 𝑉𝑛𝑛′
𝑙



Hamiltonian matrix 
elements:Hamiltonian 

structure:

0

HORSE formalism

T+V

0
T

𝐻𝑛𝑛′
𝑙 = 𝑇𝑛𝑛′

𝑙 + 𝑉𝑛𝑛′
𝑙

Potential m. e. decrease 
with nn’

Kinetic energy m. e. 
increase with  nn’ 

— basis parameters𝑁, ℏ𝜔

∑
𝑛′

∞

(𝐻𝑛𝑛′
𝑙 − 𝛿𝑛𝑛′𝐸)𝑎𝑛′𝑙(𝑘) = 0

N

N



HORSE formalism

When n, n’ > N ∑
𝑛′

∞

(𝐻𝑛𝑛′
𝑙 − 𝛿𝑛𝑛′𝐸)𝑎𝑛′𝑙(𝑘) = 0

𝑎𝑛𝑙
𝑎𝑠(𝑘) = cos𝛿𝑙𝑆𝑛𝑙(𝑘) + sin𝛿𝑙𝐶𝑛𝑙(𝑘)

𝑇𝑛,𝑛−1
𝑙 𝑎𝑛−1,𝑙

𝑎𝑠 (𝑘) + (𝑇𝑛,𝑛
𝑙 − 𝐸)𝑎𝑛𝑙

𝑎𝑠(𝑘) + 𝑇𝑛,𝑛+1
𝑙 𝑎𝑛+1,𝑙

𝑎𝑠 (𝑘) = 0

When n, n’  N: 𝐸𝜆 – eigenvalues, 𝛾𝜆𝑛 – eigenvectors

𝔊𝑛𝑛′ = − ∑
𝜆=0

𝑁 𝛾𝜆𝑛
∗ 𝛾𝜆𝑛′

𝐸𝜆 − 𝐸
tan𝛿𝑙 = −

𝑆𝑁𝑙(𝑘) − 𝔊𝑁𝑁𝑆𝑁+1,𝑙(𝑘)

𝐶𝑁𝑙(𝑘) − 𝔊𝑁𝑁𝐶𝑁+1,𝑙(𝑘)

reduce to



HORSE formalism

𝑢𝑙(𝑘, 𝑟) ∼ cos𝛿𝑙(𝑘)𝐹𝑙(𝜂, 𝑘𝑟) + sin𝛿𝑙(𝑘)𝐺𝑙(𝜂, 𝑘𝑟), 𝑟 → ∞

Coulomb interaction

𝐹𝑙(𝜂, 𝑘𝑟)

𝐺𝑙(𝜂, 𝑘𝑟)

— regular Coulomb function

— irregular Coulomb function

𝑉 = 𝑉𝑁𝑢𝑐𝑙 + 𝑉𝐶𝑜𝑢𝑙

𝜂 =
𝜇𝑍1𝑍2𝑒

2

ℏ2𝑘
— Sommerfeld parameter

𝑉𝐶𝑜𝑢𝑙(𝑟) =
𝑍1𝑍2𝑒

2

𝑟



HORSE formalism

T+V

T

𝐻𝑛𝑛′
𝑙 = 𝑇𝑛𝑛′

𝑙 + 𝑉𝑛𝑛′
𝑙

Coulomb interaction

𝑉𝑛𝑛′
𝑙 = 𝑉𝑛𝑛′

𝑁𝑢𝑐𝑙 + 𝑉𝑛𝑛′
𝐶𝑜𝑢𝑙

M

M

N

N

𝑉𝐶𝑜𝑢𝑙

Hamiltonian matrix 
elements:

Nuclear potential m. e. decrease with nn’

Kinetic energy m. e. increase with  nn’ 

Coulomb m. e. decrease slowly than 
nuclear potential m. e.



HORSE formalism

T+V

T

Coulomb interaction

N

N

𝑉𝐶𝑜𝑢𝑙

I. P. Okhrimenko, Nucl. Phys. A 424,121 (1984).

method of I. P. Okhrimenko:

𝑀 → ∞

2𝜂𝑘𝑟0

4𝑛 + 2𝑙 + 3



HORSE formalism
Coulomb interaction

𝑇𝑛,𝑛−1
𝑙 𝑎𝑛−1,𝑙

𝑎𝑠 (𝑘) + (𝑇𝑛,𝑛
𝑙 − 𝐸)𝑎𝑛,𝑙

𝑎𝑠 (𝑘) + 𝑇𝑛,𝑛+1
𝑙 𝑎𝑛+1,𝑙

𝑎𝑠 (𝑘) +
2𝜂𝑘𝑟0

4𝑛 + 2𝑙 + 3
𝑎𝑛,𝑙
𝑎𝑠 (𝑘) = 0

I. P. Okhrimenko, Nucl. Phys. A 424,121 (1984).

T+V

N

𝑉𝐶𝑜𝑢𝑙
∑

𝑛′=0

𝑁

(𝐻𝑛𝑛′
𝑙 − 𝛿𝑛𝑛′𝐸)𝑎𝑛′𝑙(𝑘) + ∑

𝑛′=𝑁+1

∞

𝐻𝑛𝑛′
𝑙 𝑎𝑛′𝑙 = 0



HORSE formalism

T+V

Coulomb interaction

M

M

N

N

𝑉𝐶𝑜𝑢𝑙

Modified Okhrimenko method:
use M>N, but Coulomb matrix
is square.



HORSE formalism

T+V

T

𝐻𝑛𝑛′
𝑙 = 𝑇𝑛𝑛′

𝑙 + 𝑉𝑛𝑛′
𝑙

Both components of 
interaction are cutted with 
the same N

Coulomb interaction

𝑉𝑛𝑛′
𝑙 = 𝑉𝑛𝑛′

𝑁𝑢𝑐𝑙 + 𝑉𝑛𝑛′
𝐶𝑜𝑢𝑙

N

N

Hamiltonian matrix 
elements:



𝑢𝑙(𝑘, 𝑟) ∼ cos𝛿𝑙(𝑘)𝐹𝑙(𝜂, 𝑘𝑟) + sin𝛿𝑙(𝑘)𝐺𝑙(𝜂, 𝑘𝑟), 𝑟 → ∞

𝑎𝑛𝑙
𝑎𝑠(𝑘) = cos𝛿𝑙(𝑘)𝑆𝑛𝑙(𝑘) + sin𝛿𝑙(𝑘)𝐶𝑛𝑙(𝑘)

𝐹𝑙(𝜂, 𝑘𝑟) = ∑
𝑛=0

∞

𝑆𝑛𝑙(𝑘)𝜑𝑛𝑙(𝑟)

𝐺
˜

𝑙(𝜂, 𝑘𝑟) = ∑
𝑛=0

∞

𝐶𝑛𝑙(𝑘)𝜑𝑛𝑙(𝑟) →
𝑟→∞

𝐺𝑙(𝜂, 𝑘𝑟)

𝑢𝑙(𝑘, 𝑟) = ∑
𝑛=0

∞

𝑎𝑛𝑙(𝑘)𝜑𝑛𝑙(𝑟)

HORSE formalism
Coulomb interaction



𝑆𝑛𝑙(𝑘) =
1

𝑣
∫ 𝐹𝑙(𝜂, 𝑘𝑟)𝜑𝑛𝑙(𝑟)𝑑𝑟 →

𝑛→∞

1

𝑣

2𝑟0
𝜈
𝐹𝑙(𝜂, 𝜈𝑘𝑟0)

𝐶𝑛𝑙(𝑘) →
𝑟→∞

1

𝑣
∫ 𝐺𝑙(𝜂, 𝑘𝑟)𝜑𝑛𝑙(𝑟)𝑑𝑟 →

𝑛→∞

1

𝑣

2𝑟0
𝜈
𝐺𝑙(𝜂, 𝜈𝑘𝑟0)

𝜑𝑛𝑙(𝑟) →
𝑛→∞

2𝑟0
𝜈
𝛿(𝑟 − 𝜈𝑟0)

Near to the classical turning point 𝑟𝑡𝑢𝑟𝑛 = 𝑟0 4𝑛 + 2𝑙 + 3:

𝑣 = ℏ𝑘/𝜇

HORSE formalism
Coulomb interaction



tan𝛿𝑙 = −
𝑆𝑁𝑙(𝑘) − 𝔊𝑁𝑁𝑆𝑁+1,𝑙(𝑘)

𝐶𝑁𝑙(𝑘) − 𝔊𝑁𝑁𝐶𝑁+1,𝑙(𝑘)

HORSE formalism
Coulomb interaction



Schrödinger equation:

𝑛 = 0,… , 𝑣

Efros method

𝑐𝑛 = ቊ
𝑏𝑛 𝑘 , 𝑛 = 0,… , 𝑣 − 1

tan 𝛿𝑙 𝑘 , 𝑛 = 𝑣

𝑢𝑙 𝑘, 𝑟 = 𝐹𝑙 𝜂, 𝑘𝑟 + tan 𝛿𝑙 𝑘 ෨𝐺𝑙 𝜂, 𝑘𝑟 + ∑
𝑛=0

𝑣−1

𝑏𝑛(𝑘)𝛽𝑛𝑙(𝑟)

𝛽𝑛𝑙 (𝐻 − 𝐸) 𝑢𝑙(𝑘, 𝑟) = 0

W.f.:

𝛽𝑛 = 𝜑𝑛𝑙 = | ⟩𝑛𝑙



𝑛=0

𝑣

𝑃𝑛′𝑛𝑐𝑛′ = 𝑄𝑛′, 𝑛′ = 0,… , 𝑣



Schrödinger equation:
Efros method

𝑃𝑐 = 𝑄System of equations:

𝑃𝑛𝑛′ = 𝛽𝑛𝑙 (𝐻 − 𝐸) 𝛽𝑛𝑙 = 𝐻𝑛𝑛′ − 𝛿𝑛𝑛′𝐸, ቊ
𝑛 = 0,… , 𝑣

𝑛′ = 0,… , 𝑣 − 1

𝑃𝑛𝑣 = 𝛽𝑛𝑙 (𝐻 − 𝐸) ෨𝐺𝑙(𝜂, 𝑘𝑟) = 

𝑚=0

𝑁

𝐶𝑚 𝑘 𝑉𝑛𝑚 + 𝐴 𝑘 𝛿𝑛0, 𝑛 = 0,… , 𝑣

𝑄𝑛 = − 𝛽𝑛𝑙 (𝐻 − 𝐸) 𝐹𝑙(𝜂, 𝑘𝑟) = − 

𝑚=0

𝑁

𝑆𝑚 𝑘 𝑉𝑛𝑚 , 𝑛 = 0,… , 𝑣

tan 𝛿𝑙 𝑘 = 𝑐𝑣



• Woods–Saxon potential:

Model problem

𝑉𝑊𝑆(𝑟) =
𝑉0

1 + exp
𝑟 − 𝑅0
𝛼0

+ (𝐥 ⋅ 𝐬)
1

𝑟

𝑑

𝑑𝑟

𝑉𝑙𝑠

1 + 𝑒𝑥𝑝
𝑟 − 𝑅1
𝛼1

𝑉𝐶𝑜𝑢𝑙(𝑟) =
𝑍1𝑍2𝑒

2

𝑟

• with Coulomb interaction:



Smoothing of potential energy m. e.

J. Révai, M. Sotona, and J. Žofka, J. Phys. G 11, 745 (1985).



𝛿 1
,d
eg

𝑁 = 10

𝑝 − 𝛼



𝛿 1
,d
eg

𝑁 = 10

𝑝 − 𝛼



𝛿
𝑙.
d
e
g

𝑝 − 𝛼



𝛿
0
,d
eg

𝑝 −15 𝑁



Summary

• We modified the method of I. P. Okhrimenko, there is no need in different 

dimension for Coulomb matrix

• We checked the proposed TRR, comparing the expansion  coefficients obtained 

from it with the exact values, it turns out that the asymptotic formula works in a 

wide range of n

• This approach is compatible with the Efros method, which allows the use of an 

even smaller potential matrix



Thank you for your attention!



𝑓
𝑚

Τ
1
2



Casorati determinant:

𝒦𝑛𝑙(𝐶, 𝑆) = 𝐶𝑛+1,𝑙(𝑘)𝑆𝑛𝑙(𝑘) − 𝑆𝑛+1,𝑙(𝑘)𝐶𝑛𝑙(𝑘)

𝑇𝑛,𝑛+1
𝑙 𝒦𝑛𝑙(𝐶, 𝑆) =

ℏ

2

This combination doesn’t depend on n; 
we could use it for calculation starting from large n and going down with TRR:

HORSE formalism
Coulomb interaction



𝑇 𝑛
,𝑛
+
1

𝑙
𝒦
𝑛
𝑙(
𝐶
,𝑆
)/
ℏ 2



𝑁
𝑠𝑡
𝑎
𝑟
𝑡 N=10, 𝑇𝑛,𝑛+1𝒦𝑛(𝐶, 𝑆)



Schrödinger equation:
Efros’ method

𝑃𝑐 = 𝑄System of equations:

𝑃𝑛𝑛′ = 𝐻𝑛𝑛′ −𝛿𝑛𝑛′𝐸, ቊ
𝑛 = 0,… , 𝑣

𝑛′ = 0,… , 𝑣 − 1

𝑃𝑛𝑣 = 

𝑚=0

𝑁

𝐶𝑚 𝑘 ෨𝑉𝑛𝑚 + 𝐴 𝑘 𝛿𝑛0 + 

𝑚=𝑁+1

∞

𝐶𝑚 𝑘 𝑉𝑛𝑚
𝐶𝑜𝑢𝑙 , 𝑛 = 0,… , 𝑣

𝑄𝑛 = − 

𝑚=0

𝑁

𝑆𝑚 𝑘 ෨𝑉𝑛𝑚 − 

𝑚=𝑁+1

∞

𝑆𝑚 𝑘 𝑉𝑛𝑚
𝐶𝑜𝑢𝑙 , 𝑛 = 0,… , 𝑣



𝑁
𝑠𝑡
𝑎
𝑟
𝑡
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